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Recognizing acceleration length as a geometrically normalized work coordinate of the established
Einstein horizon boundary potential yields a new generalized boundary force and its normal-scale
pressure. Together with the familiar area-conjugate surface stress, these responses provide a common
macroscopic state law for the potential. The pressure is proportional to the square of surface gravity.
The selected nonexpanding-null symplectic response supplies the action-level justification for the
same coefficient; the stationary area–boost pair supplies a complementary interpretation with the
same clock normalization. Neither temperature nor an enclosed volume is required to identify these
mechanical responses. Rindler, Schwarzschild, and stationary de Sitter realize the stationary setting.
The separately calibrated equilibrium FRW screen has the same potential value as the Misner–Sharp
horizon energy and gives a screen pressure equal to one third of the bulk energy density. Its first
law and the Friedmann system then have a pressure-based representation. Thermal identification is
introduced after the mechanics. The result concerns a specified gravitational boundary potential and
its source responses, not a new bulk stress tensor or an unrestricted moving-horizon action theorem.

Part I develops the mechanics, its thermal translation, and the principal horizon realizations.
Part II gives the null-source derivation and stationary corner interpretation, the fixed-clock and
integrability conditions, force-balance connections, and the distinct dynamical and higher-curvature
extensions. The cosmological discussion retains the equilibrium/Hayward distinction, the screen-
versus-matter energy accounting, while supplementary applications and interpretive connections are
separated in the appendices.

HOW TO READ THIS PAPER

The opening route identifies the new length-conjugate force and normal-scale pressure through the full differential of
the established Einstein boundary potential. The motivating question is whether horizon work can be paired with a
geometric length, and with the same radius that controls area in the spherical realizations. The mechanical identity
and first law precede temperature and entropy. Part II supplies the selected null-boundary action response as the
primary canonical derivation. The stationary area–boost pair explains the same rate and normalization without adding
a different length or energy assignment. Rindler, Schwarzschild, and stationary de Sitter directly realize the stated
stationary sector. Generic equilibrium FRW uses the Einstein–FRW constraint, marginal-horizon energy, and specified
equilibrium rate; it is not silently promoted to a complete moving-boundary canonical theorem. Detailed extensions
retain their own source and geometric assumptions.
Main results versus supporting material. Parts I and II contain the mechanical construction, its canonical support,
horizon realizations, and scope. Appendices A–C retain the sign conventions, FRW identities, and detailed timelike
comparison. Appendix D collects exact source derivatives; Appendix E contains additional cosmological identities
and their interpretation tests; Appendix F imports the standard inflationary spectrum as a separate application.
Appendices G and H preserve interesting interpretations and conditional benchmarks without presenting them as
independently derived physics.

∗ jttyler101@gmail.com

mailto:jttyler101@gmail.com


2

PART I. BOUNDARY MECHANICS AND PRINCIPAL REALIZATIONS

Common mechanics and canonical scope. The common mechanics below follows from the displayed Einstein
boundary potential with a prescribed physical flow, clock, and sign convention. Its normal form is not restricted to
one horizon geometry; each realization supplies its rate and displacement dictionary. The canonical statement in Part
II additionally specifies a mixed rate-source polarization, boundary and corner terms, and variations tangent to a non-
expanding null sector. Varying the rate source means comparing nearby boundary problems; it is not a variation that
keeps that source fixed. Rindler, Schwarzschild, and consistently normalized de Sitter realize the stationary construction.
Equilibrium FRW is a separate constrained-screen realization with an instantaneous-equilibrium calibration. The
thermal representation is introduced after the mechanical response.

Area and acceleration length

A horizon cut has transverse area A =
∫︁

S
ϵS and a normal acceleration scale set by the specified surface gravity. On

a nonzero branch,

Ls = c2

κ
, Lκ = |Ls| = c2

|κ|
. (S1)

Surface gravity is the regular geometric rate; acceleration length is its reciprocal mechanical scale. The characteristic
time tκ = c/|κ| gives the light-travel length Lκ = ctκ; in stationary normal flow tκ is the time for one unit of boost
rapidity, not an assumed photon transit from a horizon. Rindler makes Lκ = c2/a a normal proper distance on the
instantaneous rest slice. In equilibrium FRW Lκ = RA; in Schwarzschild Lκ = 2RH . The spherical work below uses
the actual areal radius explicitly.

The specified Einstein boundary potential is

U∂(A, Ls) = Aκc2

8πG
= c4

8πG

A

Ls
= A

κELs
, κE = 8πG

c4 . (S2)

The normalization comes from the Einstein boundary structure, whose source response is established in Part II. The
inverse coupling has units of energy per length; A/Ls gives the geometric factor with length units. This dimensional
observation explains the units but does not replace the gravitational input. A rectangular Rindler patch has A = ∆y ∆z;
only a round sphere supplies A = 4πR2.

The established potential is the input. The contribution is to identify a new generalized force and pressure by
expressing its rate dependence through the normalized work length Ls. This pairs the area response with a geometric
force–displacement response. Conventional mass first laws need not be full differentials of this boundary potential.

One differential identifies the mechanical responses

With the gravitational constants fixed, and before imposing a physical family’s relation between the two boundary
coordinates,

dU∂ = c4

8πGLs
dA − Ac4

8πGL2
s

dLs

= U∂

A
dA − U∂

Ls
dLs.

(S3)

Define M∂ = U∂/c2. The area and negative length derivatives give

Π∂ =
(︃

∂U∂

∂A

)︃
Ls

= U∂

A
= c4

8πGLs
= c2κ

8πG
, (S4)

FL = −
(︃

∂U∂

∂Ls

)︃
A

= U∂

Ls
= M∂κ = Aκ2

8πG
. (S5)
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They are two conjugate responses of the same gravitational potential. The mass–acceleration equality is an exact
identity for its mass equivalent, not an independent material equation of motion. Pressure is their length-response
density:

PL = FL

A
= Π∂

Ls
= c4

8πGL2
s

= κ2

8πG
. (S6)

For uniform data FL = APL; more generally FL =
∫︁

S
PL dA for a common length-source variation. The two partial

derivatives separate the area and scale contributions; neither coordinate must remain fixed along an actual horizon
evolution.

The mechanical energy identity and complete first law are

U∂ = Π∂A = FLLs = PLALs, (S7)

dU∂ = Π∂ dA − FL dLs. (S8)

Surface stress pairs with changing area, and the new generalized force pairs with changing horizon scale. The product
rule explains why that work is contained in the potential: since U∂ = AΠ∂ , the second contribution gives

A dΠ∂ = −FL dLs, dΠ∂ = −PL dLs, PL = −dΠ∂

dLs
. (S9)

The associated scale laws can now be read as consequences:

1
Ls

= κEΠ∂ ,
1

L2
s

= κEPL. (S10)

No separate constant-product derivation is required to establish the pressure slope. It is a boundary-configuration
response, not a spatial pressure gradient through a material layer. Surface stress, force, and pressure share a foundation;
pressure is not a third independent canonical pair.

No enclosed volume is needed for these definitions. For ϑV = A dLs,

FL dLs = PLϑV , dϑV = dA ∧ dLs, d(ALs) = A dLs + Ls dA. (S11)

The unchanged PL multiplies dV only where dV = A dLs. For spherical areal volume, dV = A dR, the same work
instead uses the transformed pressure PR described below. The product ALs is not generally that volume. On the
negative branch U∂ and Ls are signed; thermal identities below use the stated positive magnitudes.

Boost-charge interpretation of the same mechanics

The normal-rate potential can be read before any thermal identification. Let Jη denote the Einstein charge conjugate
to a dimensionless normal boost angle, and let ωs be its signed rate:

Jη = Ac3

8πG
, ωs = κ

c
= c

Ls
, U∂ = ωsJη, U∂Ls = cJη. (S12)

The charge has units of action, not ordinary rotational angular momentum. Multiplication by the normal boost
rate gives the energy-valued boundary potential. At fixed area its energy–length product is independent of the rate:
U∂Ls/c = Jη. With positive magnitudes the same relation is |U∂ |Lκ = cJη. This is an explanatory consolidation of
the established area–boost structure, not a new independent conserved energy. Its stationary canonical derivation is
given in Part II.

The two contributions of the complete differential are

dU∂ = ωs dJη + Jη dωs = Π∂ dA − FL dLs. (S13)

The first changes the area charge at a prescribed rate; the second changes the rate at prescribed charge. On the positive
branch, only after Hawking–Unruh thermality is supplied, these become T dS and S dT , respectively. Mechanical rate
and charge should not be called thermal variables before that additional identification.
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Thermal translation and complementary scale laws

Where Hawking–Unruh/KMS thermality applies, it independently selects the same positive scale through c∆τE =
2πLκ. On the conventional positive thermodynamic branch, U∂ = TS and Π∂ dA = T dS, so the same differential
becomes

dU∂ = T dS − FL dLκ = T dS − PL ϑV . (S14)

Surface gravity sets two complementary laws of the same positive scale:

kBT = ℏ|κ|
2πc

= ℏc

2πLκ
, PL = κ2

8πG
= c4

8πGL2
κ

. (S15)

Hawking temperature is the semiclassical thermal law; PL is its classical mechanical counterpart, conjugate per unit
area to a change of acceleration length. Combining the two normalizations gives

kBT

PLLκ
= 4ℓ2

P,
S

A
= PLLκ

T
= kB

4ℓ2
P

. (S16)

Pressure times acceleration length supplies the classical boundary energy per area; temperature converts it into the
displayed entropy density. If entropy is reconstructed from T dS = Π∂ dA, the integration gives S = kBA/(4ℓ2

P) + S0;
S0 = 0 is the standard Einstein/Wald normalization used throughout.

Realizations, clocks, and levels of support

The motivating work question is common, but its geometric and energy assignments differ. The following dictionary
separates the potential from total energy and separates an action-source response from an exact constrained-screen
identity. Canonical refers to the selected action and sources, not a requirement of time-dependent evolution.
Realization Prescribed rate and length Potential and work

Rindler planar patch Observer acceleration aobs > 0; L = c2/aobs is nor-
mal separation

U = Ac2aobs/(8πG); independent area and normal
length; no enclosed spherical mass or forced volume.

Schwarzschild Infinity-normalized stationary clock; L = 2R U = Mc2/2, not total ADM energy Mc2; FLdL =
MκdR = PRdV , PR = 2PL.

Stationary de Sitter Specified static-patch clock; L = RA for the positive
magnitude

U+ = EMS; signed orientations must match. Neigh-
boring radii generally change the cosmological
source.

Evolving FRW equilib-
rium screen

Instantaneous positive assignment κeq = c2/RA,
L = RA

Ueq = EMS; PR = PL = Pscr = ρ/3. Exact assigned
screen law, distinct from crossing heat.

Evolving FRW Hay-
ward prescription

Signed normal rate κs
H ; Ls

H = c2/κs
H only on a

nonzero branch
U s

H = χEMS; P H
R = (pm − Pscr)/4; changing w

retains −3EMSdw/4. P H
L is different.

Setting Support supplied Not thereby established

Selected nonexpanding Ein-
stein null sector

Length-source response under the mixed prescrip-
tion, fixed clock/cuts, tangent variations and con-
trolled remaining sources

Unrestricted moving-boundary theorem or invari-
ance under arbitrary counterterms.

Stationary Rindler,
Schwarzschild, de Sitter

Matched stationary realizations and boost inter-
pretation

Independent variation of every geometric datum
within one fixed-source problem.

Equilibrium screen in evolv-
ing FRW

Exact state identities from the assigned rate and
Einstein–Misner–Sharp relation

The sole canonical source of the actual moving
worldtube.

Full Hayward FRW Geometric rate, parent potential, work conversion
and on-shell pressure reconstruction

Complete matching of all moving boundary, em-
bedding and transport responses.

Appendix C timelike ensem-
ble

Definite response to ζB and restricted gravita-
tional charge results

Generic equality of ζB with either cosmological
rate; the example shows a mismatch.

Expanding null boundary The rate-length term with the separate expansion
response

Removal of shear, matter or corners; automatic
application to a non-null worldtube.
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Stationary and cosmological realizations

Equilibrium FRW (Cai–Kim prescription). For an FRW apparent horizon in the instantaneous Cai–Kim prescription,

Lκ = RA, U∂ = EA, PL = ρ

3 , dEA = T dSA − PL dVA. (S17)

Here acceleration length is the areal screen radius, so FR = FL, PR = PL and FL dLκ = FR dRA = PR dVA, where
VA = 4πR3

A/3 is the areal volume. For nonzero spatial curvature it is not the proper volume of the cosmic-time spatial
ball. With the Einstein coupling κE ≡ 8πG/c4, the Friedmann constraint and acceleration equation take the compact
pressure form

1
R2

A

= κEPL,
2ä

ac2 = −κE(PL + pm). (S18)

Here PL fixes the transverse horizon-curvature scale, while PL + pm fixes the normal expansion curvature. Full
Kodama–Hayward cross-focusing instead depends on the pressure contrast,

κs
H = −c2RA

4 κE(PL − pm), P H
L = (PL − pm)2

16PL
. (S19)

Equivalently, Faraoni’s established trace dependence can be packaged as

Σtr ≡ (ρ − 3pm)VA

c2AA
= PL − pm

κCK
, κs

H = −2πGΣtr. (S20)

Here Σtr is the signed bulk stress–energy trace, converted to a mass equivalent and distributed over the horizon area.
It is not assumed to be a membrane energy density or a literal shell source. The detailed status and operational tests
are treated in Sec. VI.
Schwarzschild: work of horizon-size change. For a nonrotating black hole with Killing time normalized at infinity,

Lκ = 2RH , U∂ = TS = FLLκ = Mc2

2 , FL = c4

8G
. (S21)

The Smarr relation becomes

Mc2 = TS + FLLκ, TS = FLLκ = Mc2

2 . (S22)

This is an exact Euler–Smarr balance. Both products equal the parent potential; the area and scale derivatives provide
the distinct mechanical responses. In the actual areal radius, the same work is

FL dLκ = FR dRH = Mκ dRH = PR dVH ,

FR = 2FL = Mκ = c4

4G
, PR = FR

AH
= 2PL = κ2

4πG
.

(S23)

Here AH = 4πR2
H and VH = 4πR3

H/3. The equality dLκ/Lκ = dRH/RH describes the same fractional horizon-size
change; there is no displacement of another surface at 2RH . The areal radius measures geometric size, not a universal
proper distance. Thus dU∂ = Π∂ dAH − Mκ dRH = Π∂ dAH − PR dVH , with area and volume linked by the same RH .
Along this family,

d(TS) = d(FLLκ) = 1
2 d(Mc2), Mc2 − TS = FLLκ. (S24)

The first equality follows from the common parent potential; the second identifies the scale product with the formal
on-shell Helmholtz free energy. The different differential channels are Π∂ dA and −FL dLκ, not independently variable
thermal and mechanical energies.
Rindler. For a uniformly accelerated observer in flat spacetime,

κ = a, Lκ = c2

a
, PL = a2

8πG
, U∂ = Aac2

8πG
. (S25)

The acceleration length is the normal observer–horizon proper distance on the instantaneous rest slice, the accelerated
worldline’s curvature radius, and its Euclidean thermal-orbit radius. The planar patch area is independent of this
distance; no spherical horizon is assumed.
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Spherical energy–length interpretation

On a spherical marginal horizon, the geometric Misner–Sharp value is EMS = c4R/(2G). Substituting A = 4πR2

into the same potential gives

U∂ = EMS
R

Ls
, U∂Ls = cJη = EMSR. (S26)

For κ > 0, the energy ratio is U∂/EMS = R/Lκ: it equals one for Cai–Kim FRW and one half for infinity-normalized
Schwarzschild. This spherical interpretation of the area–boost product is not a new independent charge law. EMS ∝ R
here, so it must vary with R in a differential. No enclosed Misner–Sharp energy or spherical projection is required for
the general Rindler patch potential.

Radius work and the Smarr scaling identity

For a spherical cut, introduce

A = 4πR2, MR ≡ c2R

2G
, αR ≡ Ls

R
= c2

κR
, FR ≡ U∂

R
= MRκ. (S27)

Here MR equals the Misner–Sharp mass at a spherical marginal horizon; it is not a universal total mass for arbitrary
screens. On either nonzero signed branch the exact change of variables gives

FL dLs = FR dR + U∂
dαR

αR
, dU∂ = FR dR − U∂

dαR

αR
. (S28)

The area leg is Π∂ dA = 2FR dR. The product identities below hold throughout this source chart. At fixed αR,
FR = c4/(2GαR) is constant and the potential is linear in R:

U∂ = FRR = 3PRV, PR ≡ FR/A = αRPL, R

(︃
∂U∂

∂R

)︃
αR

= U∂ . (S29)

The areal volume is V = 4πR3/3. Cai–Kim FRW has αR = 1, MR = MA, and U∂ = EA; Schwarzschild has αR = 2,
MR = M , and Mc2 = 2U∂ = 2FRR. These are constrained scaling relations, not additional independent terms in the
mass first law. The radius form makes Smarr homogeneity explicit. The same homogeneity is already present in the
acceleration-length potential as 2A ∂AU∂ + Ls ∂LsU∂ = U∂ . Sections II D and V F give the canonical normalization and
the limits of the mass–radius interpretation, including rotating and charged examples.

The complete radius formulation is as general as the acceleration-length formulation within this spherical scalar
sector. Only its truncation to FRdR requires a constant scale ratio. Their common foundation is the area–normal-rate
pair: A measures transverse size, whereas Ls represents the selected normal rate.

Boundary inverse-energy or Compton-equivalent consequence

Restrict this subsection to the positive-κ branch. Any specified positive energy scale E defines the quantum
inverse-energy length ℏc/E. Applying that construction to the pressure-carrying boundary potential gives

λ̄∂ ≡ ℏc

U∂
. (S30)

It has the mathematical form of a reduced Compton wavelength, but U∂/c2 is generally a boundary mass equivalent
rather than particle rest mass. The Euclidean thermal period in light-travel units is CE ≡ c∆τE = 2πLκ. Since
U∂ = TS,

S

kB
= CE

λ̄∂

= 2πLκ

λ̄∂

,
λ̄∂

Lκ
= 8πℓ2

P
A

. (S31)
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Horizon entropy therefore measures the separation between the macroscopic thermal scale of the selected normal flow
and the quantum inverse-energy scale of its boundary potential. This is an exact macroscopic relation within the
Einstein–Hawking framework, not a claim that the horizon is a particle or is composed of literal wavelength-sized cells.
Equivalently,

S = 2πkBU∂Lκ

ℏc
, (S32)

which reproduces the familiar energy–radius product in Schwarzschild and Cai–Kim FRW and suggests U∂Lκ as the
more general normal-flow boundary product.
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PART II. CANONICAL FOUNDATIONS, SCOPE, AND EXTENSIONS

Purpose of Part II. The compact derivation in Part I is self-contained once its inherited horizon-mechanics inputs
are accepted. The task here is canonical certification and scope control: to derive the source and response from the
covariant Einstein boundary theory, recover the same force through independent structures, and determine exactly
where the compact normal form applies, where it must be qualified, and which additional consequences survive.

What this part establishes. The equations above are algebraically complete once their stated horizon-mechanics
inputs are accepted. Part II supplies the covariant proof certificate connecting them to general relativity. It derives
the permitted Ls source variation from the mixed null symplectic potential (Sec. II), independently recovers FL from
the area–boost corner action, and establishes the inherited clock and gauge meaning, signed branches and κ = 0
limit, membrane pullback and normal force balance, Cai–Kim/Hayward distinction, off-family integrability limit, finite
dynamical support, and higher-curvature extensions. At κ = 0 the reciprocal chart moves to infinity and the regular
parent description must be written in κ.

FROM ONE ACTION TO SEVERAL BOUNDARY DESCRIPTIONS

Einstein gravity on a finite region has a bulk action, boundary terms, and corner terms. Its variation separates field
equations from boundary responses, schematically

δI =
∫︂

M

E · δΦ + Θ∂M + δIboundary + δIcorner.

Here Φ denotes metric and matter fields, E = 0 denotes their equations, and Θ is a field-space one-form, not an energy
function. Evaluating on solutions gives a Hamilton–Jacobi functional of the admitted boundary data. Changing its
polarization exchanges which member of a canonical pair is prescribed. Changing its clock or reference terms can
change the physical response, even when the bulk equations are unchanged.

The null scalar potential and stationary area–boost corner give two routes to the same coefficient in their common
sector. The surface Hamiltonian supplies the area/rate differential interpretation. The Brown–York timelike stress,
spherical Kodama–Noether potential, and matter-flux laws are related descriptions with different geometric or variational
inputs; they are not automatically one identical Hamiltonian. A complete Hamiltonian variation can contain symplectic,
generator, transport, and flux corrections to the Noether surface term [11, 12, 21]. The analysis below specifies these
distinctions rather than introducing several unrelated force laws.

I. INTRODUCTION

Part I introduced the area and reciprocal acceleration scale, wrote the Einstein boundary potential in those variables,
and obtained its mechanical responses together. This part asks how the same length-work coefficient appears in the
covariant gravitational boundary response, which conditions it requires, and how each horizon realization supplies its
rate.

Horizon mechanics naturally singles out area and surface gravity. Horizon thermodynamics repackages the same
pair as entropy and temperature. What is less often made explicit is the mechanical content of varying the normal
rate itself. In a stationary first law the horizon generator and its clock normalization are normally held fixed, so the
area variation is visible while the complementary A δκ direction is absent or absorbed by the definition of the charge.
This is appropriate for that ensemble, but it leaves open a different boundary-value question: if the prescribed normal
rate is allowed to vary as a source, what is its response?

The selected clock, generator normalization, relational cut, and equilibrium or non-expanding conditions are not
special restrictions invented for PL. They are inherited from the same horizon-mechanics sector in which the standard
first law, membrane surface stress, and Hawking temperature define the same κ. The added construction is to open
the reciprocal normal-rate source direction and take the full differential of the Einstein boundary potential U∂(A, Ls),
rather than only the Hamiltonian mass variation for a prescribed evolution. The identification U∂ = TS belongs to the
later thermal translation.

The reciprocal of the prescribed surface-gravity scale is

Ls = c2

κ
= 1

κEΠ∂
(1)

and turns that question into a mechanical one. Surface gravity is the regular geometric rate; acceleration length is its
reciprocal mechanical scale. On each nonzero branch they contain the same information, but κ remains the regular
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parent coordinate at a zero crossing while Ls moves to infinity. The latter is the light-travel length associated with the
inverse surface-gravity timescale. In Rindler spacetime it is exactly the proper distance from a uniformly accelerated
observer to that observer’s horizon. For a stationary black hole it is an inverse redshift-normalized surface-gravity
scale. In spherical dynamics its Hayward analogue is an inverse normal cross-focusing scale.

On stationary horizons admitting a regular Hawking–Unruh/KMS state, the thermal meaning of this reciprocal
scale is exact rather than a dimensional resemblance. Analytic continuation of the normal time turns Lorentzian
boost flow into rotation in the Euclidean normal two-plane. The horizon cut is the fixed-point set of that rotation,
smoothness fixes a 2π angular period, and c∆τE = 2πLκ. Equivalently, the first nonzero bosonic Matsubara frequency
is ωE

1 = |κ|/c, so Lκ = c/ωE
1 . The Euclidean/KMS periodicity and Matsubara spectrum are established results; the

structural use made here is to identify that same reduced thermal length as the mechanical boundary source whose
Einstein-action response is pressure [7, 33–36].

The mechanical responses already found from the boundary potential obey:

dΠ∂ = −PL dLs, PL = −dΠ∂

dLs
= Π∂

Ls
= c4

8πGL2
s

= κ2

8πG
. (2)

The common Einstein boundary potential and its normalization are:

U∂(A, Ls) = Π∂A = A

κELs
, TG ≡ 1

κE
= c4

8πG
. (3)

For uniform data, FL = APL = −(∂U∂/∂Ls)A: area integration and the potential derivative give the same generalized
force. At the reduced level, Eqs. (1)–(3) form a self-contained conditional theorem: once the established parent
potential and acceleration-length coordinate are accepted in the inherited horizon-mechanics sector, the force, pressure,
work form, and principal sectoral corollaries follow. The purpose of the full analysis is not to repair that algebra but to
provide canonical certification and scope control: derive the allowed source variation from the covariant gravitational
boundary theory, reproduce the force independently from the corner action, and determine the clock, gauge, sign,
integrability, and dynamical limits.

The generic scalar source on a null boundary is not surface gravity alone but

µ = ˆ︁κ + 1
2θ, (4)

where ˆ︁κ = κ/c2 is the inverse-length inaffinity and θ is the null expansion. The clean κ ↔ Ls source chart therefore
applies canonically on a clock-anchored non-expanding sector, not on every moving horizon. Other sectors can support
the same algebra only after an independently established prescription for their normal rate and parent Aκ potential
has been supplied.

The paper develops four additional consequences of the source response. First, the signed and magnitude relations

Π∂ = PLLs, |Π∂ | = PLLκ, Π∂ ≡ c2κ

8πG
, (5)

link the new normal pressure to the established two-dimensional membrane pressure. The link is stronger than a
comparison of units: for a nonuniform signed source on a cut, DAΠ∂ = −PLDALs; equivalently, on a fixed-sign branch,
DA|Π∂ | = −PLDALκ. This is the coordinate-free pullback of the source-space response one-form to the physical cut
and turns the usual membrane pressure gradient into a spatial manifestation of the normal scale response.

Second, the same substitution converts the gravitational-screen Young–Laplace equation into a normal force balance,
using the screen normal rate and matching clock specified in Sec. IV. With the orientation in which the surface tension
is γ = −Π∂ , the exact signed equation and its positive-κ form are

∆p − Π∂H = ∆p − PLLsH = 0, ∆p − PLLκH = 0 (κ > 0). (6)

Here H is the mean curvature and ∆p is the appropriate outside-minus-inside normal pressure. Equation (6) is not a
new Einstein equation; it is an acceleration-length rewriting of an established normal projection of Einstein’s equation.
It does, however, answer directly the question of whether PL can enter a genuine force-balance law.

Third, Lκ is a mechanical–thermal bridge scale:

Lκ = c2

|κ|
= ℏc

2πkBT
. (7)

Classical boundary mechanics assigns it the inverse-square law PL(Lκ) = c4/(8πGL2
κ), while quantum field theory

assigns it the inverse-linear law kBT (Lκ) = ℏc/(2πLκ). Their ratio fixes the Planck-area entropy density.
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Fourth, Schwarzschild displays an exact pointwise thermal–mechanical Euler–Smarr balance:

Mc2 = TS + FLLκ, TS = FLLκ = Mc2

2 . (8)

The two products are equal representations of the same potential even on the extended source space; its area and scale
differential legs are distinct. Along the Schwarzschild family the products co-vary exactly, d(TS) = d(FLLκ) = 1

2 d(Mc2):
adding mass increases both halves in lockstep because both products equal the same parent potential. The exact
products and their derivatives are developed below. Optional kinetic/potential and free-energy comparisons are
separated in Appendix G.

The contribution claimed here is a new generalized boundary force FL = U∂/Ls and its normal-scale pressure
PL = κ2/(8πG), identified by recognizing acceleration length as the geometrically normalized work coordinate of the
established Einstein boundary potential. The mixed-boundary source response supplies the action-level support; the
Rindler and spherical realizations supply the geometric meaning. The new response quantities are distinguished from
the known potential, linear membrane stress, and complementary rate variation. Their identification is a result within
Einstein gravity, not a new fundamental interaction. The construction also organizes force-balance, clock, integrability,
and sector-dependent extensions.

The remainder of Part II establishes the source, gauge, canonical, mechanical, and thermal structure in Sections II–IV.
Section V treats stationary realizations and the thermal–mechanical Euler identities. Section VI develops the FRW
screen law and Hayward focusing response. Section VII treats integrability and finite dynamical balance. Section VIII
gives the Wald-entropy extension and Section IX states the contribution and its limits. Appendix C records a separate
timelike boundary comparison, restricted FRW surface charges, and the unresolved problem of matching the full
moving-screen response to a horizon rate.

II. NON-EXPANDING NULL-BOUNDARY SOURCE-RESPONSE PROPOSITION

A. Established null scalar pair

Let N be a null hypersurface foliated by spacelike cuts S. Let ξa be a chosen null evolution vector tangent to N ,
and let qAB and ϵS = √

q d2x be the induced metric and area form on a cut. Define the inaffinity and expansion by

∇ξξa = ˆ︁κξξa, θξ = 1
√

q
Lξ

√
q. (9)

The cut is a spacelike two-dimensional cross-section, whereas N is its three-dimensional null history. A null normal is
also tangent to N . Inaffinity measures failure of the selected generator parameter to be affine: its tangent differentiates
into a multiple of itself. A null generator has no proper time, so this is not the proper acceleration of a material
observer. The expansion is the fractional change of the area element along that generator. In the length-parameter
convention both ˆ︁κξ and θξ have inverse-length units. The shear instead describes area-preserving shape distortion.
The scalar, vector, and trace-free tensor labels classify cut geometry; they do not posit extra matter species.

For the canonical formulas in this subsection set c = 1, take the null parameter v to have units of length, and retain
8πG explicitly. Hopfmüller and Freidel derived the null symplectic potential without initially fixing the diffeomorphism
gauge. In four dimensions its bulk part has the schematic spin decomposition [11]

Θbulk
N = 1

8πG

∫︂
N

[︃
1
2˜︁σABδ˜︁qAB − ηAδξA −

(︃ˆ︁κξ + 1
2θξ

)︃
δ ln √

q

]︃
ϵN . (10)

The first two terms are the spin-two and spin-one sectors. The spin-zero momentum is

µξ = ˆ︁κξ + 1
2θξ. (11)

Writing ϵN = dv ∧ ϵS , the scalar area polarization is

Θ(0)
A = − 1

8πG

∫︂
N

µξ δϵS dv. (12)

Adding the exact variation of

Bµ = 1
8πG

∫︂
N

µξϵS dv (13)
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changes the scalar polarization without changing the symplectic two-form:

Θ(0)
µ = Θ(0)

A + δBµ = 1
8πG

∫︂
N

ϵS δµξ dv. (14)

The elementary operation is −p δq + δ(pq) = q δp. The first form displays area as the source; the second displays its
mixed rate. Because δ2Bµ = 0, this boundary Legendre transform leaves the scalar symplectic two-form unchanged.
The superscript (0) labels the scalar sector, not perturbative order. The one-half in µξ is the four-dimensional
specialization of the null geometric decomposition, not a coefficient chosen to reproduce the pressure. Hopfmüller and
Freidel interpret µ as a gravitational boundary pressure and argue that fixing it is a natural clock boundary condition
for null translations [12]. This established pressure is linear in µ and is not the quadratic force-per-area response
introduced below.

Odak, Rignon-Bret, and Speziale subsequently obtained the covariant conformal/York polarization for general null
variations [13]. In their conventions the spin-zero source is θ + 2ˆ︁κ = 2µ. Their conservative mixed conditions fix
that quantity together with appropriate spin-two, generator, and corner data. The scalar condition is Robin-type
because it contains metric derivatives. The use of µ as a mixed-boundary source is established. For clarity, the
displayed polarization is selected by the boundary Legendre term Bµ, with orientation, cut identifications, generator,
and remaining boundary and corner data prescribed. Its variation is evaluated on an extended space of sources.
Conservative boundary conditions impose δµ = 0 within each fixed-source problem; the response below is obtained by
comparing nearby such problems. An additional source-dependent boundary functional can shift the response. No
invariance under arbitrary counterterm changes is claimed.

a. Equation-level source correspondence. The following is a targeted full-text correspondence, not an independent
audit of the complete variational proposition. For the matched generator, orientation and clock, ˆ︁κ = κ/c2 and

µ = ˆ︁κ + θ/2 (D = 4), θ + 2k = 2µ. (15)

Here k is the geometrical inaffinity of Ref. [13], not FRW spatial curvature or a different observer’s clock. Its
δ(θ + 2k)/(16πG) scalar density becomes δµ/(8πG) only after these conventions are matched. The null volume form
retains the boundary-time measure, not cut area alone.
Primary source/version Checked correspondence Restrictions retained

Hopfmüller–Freidel,
1611.03096v2

Eq. (1): ˆ︁κ + (D − 3)θ/(D − 2); 8πG = c = 1 Fixed foliation/time measure for the scalar re-
duction; source La denotes a generator, not ac-
celeration length.

Hopfmüller–Freidel,
1802.06135v1

Eqs. (3)–(4): µ and ϵN δµ; 8πG = 1 Spin-two, spin-one and corner ambiguities remain
part of the prescription; linear µ is distinct from
quadratic PL.

Odak–Rignon-Bret–Speziale,
2309.03854v3

Eqs. (3.26)–(3.28): polarization exchange;
Eq. (4.6): mixed scalar condition; 16πG = c = 1

Generator and spin-two restrictions also occur;
Eq. (4.8) imposes the joint area condition.

A located scalar formula does not establish every allowed matter, embedding, endpoint or source variation of the
manuscript. The stationary corner route below shares the area normalization and prescribed clock; it is a complementary
interpretation, not an independent empirical test.

B. Acceleration-length source representation

Restrict to a phase-space sector consisting of non-expanding null boundaries and variations tangent to that sector:

θξ = 0, δθξ = 0. (16)

Then µξ = ˆ︁κξ. Restore physical units by defining the acceleration-valued surface gravity

κξ ≡ c2ˆ︁κξ. (17)

Expressing the null evolution in a prescribed physical clock τ gives Eq. (14) in the form

Θ(0)
κ = c2

8πG

∫︂
dτ

∫︂
S

ϵS δκξ. (18)

For uniform stationary data, write ϑA = Θ(0)
A /∆τ and ϑΠ = Θ(0)

κ /∆τ . The established Π∂ = c2κ/(8πG) gives the
direct stress representation

ϑA = −Π∂ δA, ϑΠ = ϑA + δ(AΠ∂) = A δΠ∂ . (19)
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The generating boundary term is ∆τ AΠ∂ ; its energy-valued product is the same U∂ = AΠ∂ used in the potential-first
route. The stress change is already δΠ∂ = −PLδLs, with PL = −dΠ∂/dLs = Π∂/Ls. Thus the local response per area
is pressure, and the uniform-patch response is ϑΠ = −APLδLs = −FLδLs, FL = APL. They may be identified before
naming U∂ , but not independently of that boundary structure. The nontrivial input is the matching action, clock,
polarization and admitted source space, not the chain rule. The potential’s negative length derivative already defines a
generalized force; this calculation establishes its specific action-source role. The identity FL = M∂κ is not a second
independent dynamical test. The exact differential dU∂ is distinct from either selected, generally nonexact, scalar
one-form. Their difference is δU∂ , and their field-space exterior derivatives agree. On the positive thermal branch, with
the matching Einstein entropy and Hawking–Unruh temperature, the same exchange becomes −TδS + δ(TS) = SδT ;
it does not change the conventional total-mass first law or require thermal input to the classical response. On either
nonzero signed branch change the rate coordinate directly

Ls = c2

κξ
, δκξ = − c2

L2
s

δLs. (20)

Substitution into Eq. (18) gives the pressure coefficient

PL = −dΠ∂

dLs
= Π∂

Ls
= c4

8πGL2
s

=
κ2

ξ

8πG
. (21)

The same selected one-form therefore displays the local pressure density explicitly:

Θ(0)
L = − c4

8πG

∫︂
dτ

∫︂
S

ϵS

L2
s

δLs

= −
∫︂

dτ

∫︂
S

ϵSPL δLs.

(22)

For a source uniform on a finite cut,

FL ≡
∫︂

S

PL dA = APL, Θ(0)
L = −

∫︂
dτ FLδLs. (23)

For uniform sources, define the volume-valued source one-form

ϑ
(δ)
V ≡ A δLs. (24)

Then

Θ(0)
L = −

∫︂
dτ PLϑ

(δ)
V . (25)

This is simply FL δLs = PLA δLs. The notation ϑ
(δ)
V denotes a one-form, not the variation of a global volume function

on the independent source space. At fixed area it is exact. The canonical result identifies the normal-scale force per
area; its conversion to a spatial traction additionally requires an operational displacement and clock prescription.

For the selected mixed action, orientation, cuts, counterterm prescription, and fixed remaining sources, the local-in-
time Hamilton–Jacobi relation is

FL(τ) = − δIos

δLs(τ) . (26)

If the source is constant through a stationary interval ∆τ , then −(∂Ios/∂Ls)∆τ = ∆τFL. Here canonical response
means the coefficient paired with the chosen source in the Einstein symplectic potential, equivalently the functional
derivative of the mixed on-shell action. It is not a claim that PL is a covariant local bulk stress tensor.

Operationally, the force derivative compares nearby boundary-value problems, each with its own prescribed value of
the rate source, while the remaining sources are controlled. It is not a variation that both fixes and changes the same
source within one problem. The field-space variation preserves the stated nullness, cut identification, and nonexpanding
conditions. Fixing the physical clock prescription does not force δκ = 0, because the metric connection may vary. No
existence theorem for arbitrary independent boundary assignments is implied.
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In ordinary Hamilton–Jacobi theory an endpoint coordinate derivative of the on-shell action is a momentum. Here
δIos = −

∫︁
dτFLδLs makes the local functional derivative a force: action divided by time and length has force units.

The constant-source derivative across an interval instead has momentum units. The full variational problem retains its
other response and endpoint terms, so this local statement does not imply a globally separate scale-energy function.

The corresponding extended-source two-form is

Ω(0)
L = δΘ(0)

L =
∫︂

dτ

∫︂
S

δLs ∧ δ(ϵSPL). (27)

The boundary Legendre transform from Eq. (12) to Eq. (14) is the genuine change of polarization. The subsequent
map κ ↦→ c2/κ is an invertible source coordinate change inside the rate-source polarization, not a second Legendre
transform. For a uniform stationary interval,

Ω(0)

∆τ
= δA ∧ δΠ∂ = δLs ∧ δFL. (28)

These describe one scalar canonical pair in different polarizations; they are not two additional canonical degrees of
freedom. The local area measure is retained: pressure is a response density, not an extra independent partner of length.

a. Why acceleration length is the preferred work coordinate. The selection is conditional and geometric. Require a
length made only from the prescribed acceleration-valued rate κ and c, without another dimensional scale or additional
boundary variable. Dimensional analysis fixes its form to Cc2/κ, and the operational Rindler distance fixes C = 1 on
the positive branch. This identifies Ls as the normalized length coordinate for the new force and pressure responses. It
is also the reduced inverse-temperature scale after the thermal identification. In the specified equilibrium FRW family
it equals the areal radius; in Schwarzschild it is twice that radius.

This is not uniqueness among all possible coordinates. For any smooth invertible q = f(Ls), the transformed
coefficient Fq = FL dLs/dq preserves Fq dq = FL dLs. For example, q = 2Ls gives Fq = FL/2: the physics remains
equivalent, but q is no longer the normalized Rindler distance. Surface gravity remains the regular rate coordinate,
including at κ = 0. The action establishes the chosen source response; the geometric length conditions select its direct
force–displacement presentation. The identity FLLs = U∂ is a consequence, not an independent uniqueness test. The
radius representation must likewise retain the additional ratio variation when Ls/R is not fixed; see Sec. V.

The result may be summarized as follows.
Non-expanding null-boundary source-response proposition. Let N be a four-dimensional non-expanding
Einstein null boundary equipped with a prescribed physical evolution vector, fixed relational cuts, and
variations tangent to the non-expanding sector. Assume that matter boundary sources and omitted
symplectic flux are controlled separately. On either branch κξ ̸= 0, the signed acceleration length
Ls = c2/κξ = 1/ˆ︁κξ is an admissible reparameterization of the covariant mixed spin-zero source. Its
Hamilton–Jacobi response density is PL = κ2

ξ/(8πG), and a uniform finite cut carries FL = APL.

The hypotheses are substantive. On a generic expanding null boundary the source is µ, so after defining µacc = c2µ
the clean reciprocal coordinate is

Lµ = c2

µacc
, (29)

not c2/κ alone. At κ = 0 the reciprocal chart is singular, while the parent rate is regular. Indeed,

−PLδLs = −
κ2

ξ

8πG
δ

(︃
c2

κξ

)︃
= c2

8πG
δκξ. (30)

PL → 0 at κ → 0 does not make the parent variation vanish; it means that the L chart has reached infinity.
b. The scalar response when expansion is retained. There is a useful extension at the level of the same selected scalar

one-form, not a complete moving-horizon theorem. With the clock measure fixed as above and µacc = c2µ = κ + c2θ/2,
the scalar part is

Θ(0)
µ = −

∫︂
dτ

∫︂
S

ϵSPL δLs +
∫︂

dτ

∫︂
S

ϵS
c4

16πG
δθ. (31)

This follows by substituting δµ = δκ/c2 + δθ/2 into Eq. (14). The original coefficient survives as a partial scalar
response; the independent expansion term remains. At fixed expansion it drops out, provided the remaining boundary
and constraint conditions admit that variation. Alternatively, Lµ = 1/µ absorbs the complete scalar source and gives
Pµ = c4/(8πGL2

µ), but Lµ is not generally Ls. Neither representation removes vector, shear, matter, or corner terms.
It therefore does not establish that a non-null FRW apparent-horizon worldtube has the same one-source response.
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C. Stationary area–boost source transformation

The selected null-source calculation is the principal action-level justification. The stationary area–boost route gives
a complementary geometric check. Both use Einstein area normalization, the same physical clock and the stationary
boost–surface-gravity relation. Their agreement is not an independent observational confirmation.

The stationary corner sector supplies a complementary check of the same response. The normal boost is parameterized
using the same physical clock and acceleration length as the rest of this manuscript. Einstein gravity assigns the
relative boost angle η of the boundary normals the corner momentum

Jη = c3A

8πG
(32)

The charge is the coefficient of a dimensionless relative Lorentz boost of the normal frames at the corner. It has
action units and is not the black hole’s rotational angular momentum; changing the area changes this charge. Calling
it a charge therefore does not assert conservation during arbitrary horizon evolution [15–17]. For a uniform stationary
interval of prescribed duration ∆τ ,

η = κξ∆τ

c
= c∆τ

Ls
. (33)

With ∆τ fixed, and choosing the canonical orientation consistently with the null-source response,

Jηδη = −∆τFLδLs, Ωcorner = ∆τ δLs ∧ δFL. (34)

The momentum conjugate to Ls in this stationary edge-mode sector is

pL = Jη
∂η

∂Ls
= −c∆τJη

L2
s

= −∆τ
Aκ2

8πG
= −∆τFL. (35)

The quantity pL has momentum units; FL is the response per unit boundary time. It is distinct from the pressure PL.
A force appears because the boost angle is a rate integrated over time and Ls is the reciprocal of that rate.

Equations (18) and (34) locate the same coefficient in the null and stationary corner representations of Einstein
boundary mechanics. Therefore the central canonical algebra is not contingent on a thermodynamic analogy. Its
remaining conditionality concerns the selected boundary ensemble, clock, cuts, and allowed counterterms, not the
chain-rule calculation itself.

The compact dictionary of Part I follows from the same pair:

ωs = κ

c
, U∂ = ωsJη, U∂Ls = cJη = Ac4

8πG
. (36)

Equivalently, U∂ = Jη/(Ls/c): an action-valued boost generator divided by the time for one unit of normal boost gives
the energy for that evolution. The coefficient contains c3, while the rate c/Ls supplies the fourth power of c. This
interpretation uses the framework’s acceleration length directly. It is not a new independently conserved energy, and
an oriented corner action must not be confused with the selected canonical one-form or the complete Hamiltonian
variation.

The product U∂Ls/c is the boost charge itself. At fixed area, energy and reciprocal-rate length vary inversely. Under
a constant physical-clock rescaling the product is unchanged, although U∂ , Ls, and PL separately change. The area
and rate legs read ωsdJη = Π∂dA and Jηdωs = −FLdLs. Thermality is unnecessary for these identities. Only with
the subsequent Hawking–Unruh identification do they become TdS and SdT . For κ < 0 the thermal dictionary uses
magnitudes; the mechanical identity above retains signed U∂ and Ls.

The integrated stationary relation η = κ∆τ/c uses the prescribed stationary normal flow. A generic moving
cosmological screen has normal-connection and transport data not captured by its elementary velocity rapidity. The
area–boost pair alone does not establish that integrated relation with an arbitrarily substituted dynamical surface
gravity.

D. Canonical radius representation of the spherical scalar sector

Keep the clock, interval, cuts, orientation, and scalar-sector prescriptions of the preceding derivation. On uniform
spherical cuts, (R, αR) are coordinates on the same two-dimensional source space as (A, Ls). Since U∂ = RFR and
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FR = c4/(2GαR), the rate-source potential becomes

Θ(0)

∆τ
= Ac2

8πG
δκ = −FR δR − U∂

δαR

αR

= R δFR − FR δR. (37)

Consequently,

Ω(0)

∆τ
= 2 δR ∧ δFR,

Θ(0)
A

∆τ
= −Π∂ δA = −2FR δR. (38)

Thus the full scalar pair is represented by R and 2FR, with momentum −2∆τFR in the displayed area polarization.
The potentials differ by δU∂ per unit prescribed time. Calling FR alone the full radius momentum would miss a factor
of two. It is the coefficient of the scale-work leg when δαR = 0; the area response is twice that coefficient. On a
fixed-αR one-parameter family, the pulled-back two-form vanishes, as it must. No extra canonical degree of freedom is
created.

In particular, Schwarzschild has δαR = 0 and αR = 2. Equation (37) becomes Θ(0)/∆τ = −Mκ δRH = −PR δVH .
This is the original selected response restricted to the stated Schwarzschild variations; the same clock and boundary
conditions apply.

One can also define an area-equivalent R =
√︁

A/(4π) for a finite nonspherical patch and make the same algebraic
transformation. This does not supply a preferred center, a spherical volume, or a physical Misner–Sharp mass. Those
interpretations require spherical geometry and, for MR to be its actual enclosed mass, marginality.

The corner calculation gives the same result directly: Jηδη/∆τ = Ac2δκ/(8πG) at fixed interval, so substituting
κ = c2/(αRR) reproduces Eq. (37). This is a radius representation of the established area–rate and area–boost
structures, not an independent canonical foundation. Its application to a generic expanding cosmological screen is not
proved by this non-expanding-null argument; the Cai–Kim realization below remains a separate prescription.

III. CLOCK, GAUGE, AND THE STANDARD FIRST LAW

A. Auxiliary normal versus physical clock

Surface gravity is a rate relative to a normal evolution. To separate an auxiliary null-frame choice from a physical
clock, write

ξa = fℓa, ˆ︁κξ = fˆ︁κℓ + ℓ[f ]. (39)

Under the simultaneous change

ℓa −→ eσℓa, f −→ e−σf, (40)

the physical vector ξa is unchanged, and direct substitution shows that ˆ︁κξ, κξ, and Ls are unchanged. The construction
is therefore independent of the auxiliary null representative for a fixed physical normal flow [14].

Changing the physical clock is different. If ξa → αξa, then

ˆ︁καξ = αˆ︁κξ + ξ[α], καξ = ακξ + c2ξ[α]. (41)

For constant α,

Ls −→ Ls

α
, PL −→ α2PL. (42)

The area and intrinsic two-geometry do not change. PL is a well-defined response after a clock prescription has been
fixed, but is not an intrinsic scalar of the cut alone. This dependence is inherited, not a new weakness of the pressure:
the same is true of surface gravity, energy, temperature, membrane stress, and Hamiltonian charge, which are also
defined relative to the selected evolution vector.

Rindler, Schwarzschild, and spherical dynamics use different clocks but perform the same geometric task. Rindler
uses boost flow normalized by the accelerated observer’s proper time; Schwarzschild uses Killing time normalized at
infinity; spherical dynamics uses the Kodama flow or the Cai–Kim instantaneous thermal calibration. What is common
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is a prescribed evolution in the two-dimensional normal plane, not a universal observer-independent accelerometer
reading.

For a proper-gauge direction X preserving the selected boundary conditions, the source and response descend
individually when

X[Ls] = 0, X[PLϵS ] = 0, (43)

and the scalar two-form defines a separate reduced sector when it is basic,

ιXΩ(0)
L = 0, LXΩ(0)

L = 0. (44)

These conditions hold in the stationary edge-mode sector when clock and cuts are fixed relationally or retained as
edge data and only source-preserving degeneracies are quotiented. They fail if arbitrary physical-clock rescalings are
declared gauge.

B. Why the standard first law has no additional work term

The usual stationary first law computes the Hamiltonian variation of a specified horizon evolution. On a fixed cut
the covariant-phase-space expression has the schematic form

δHξ =
∫︂

S

(δQξ − ξ · Θ − Qδξ) , (45)

with additional transport terms when the cut moves [21–23]. “Fixed generator” means δξa = 0 in field space; it
does not generally mean δκξ = 0. The complete expression cancels or reallocates pieces caused only by changing the
measuring generator, leaving the familiar area channel.

Hayward, Mukohyama, and Ashworth derived the spherical Kodama–Noether charge
∮︁

QK = Aˆ︁κH/(8π) in geometric
units and explicitly questioned the usual suppression of δˆ︁κ [19]. Parattu, Majhi, and Padmanabhan showed that
the two pieces of the Einstein surface-Hamiltonian variation become TδS and SδT in thermodynamically conjugate
variables [20]. The acceleration-length representation gives the latter a direct mechanical coordinate on the positive
thermodynamic branch:

S δT = −FLδLκ. (46)

The absence of S dT from the standard mass first law is therefore not a missing additive energy. It is the consequence
of a different boundary-value problem: the usual law varies the Hamiltonian mass for a specified evolution, whereas
Eq. (46) resolves the boundary potential U∂ = TS when the normal-rate source is varied.

IV. BOUNDARY EQUATION, PULLBACK, AND MECHANICAL–THERMAL SCALE

A. One potential and two pressures

For a stationary uniform cut, the established stress obeys κEΠ∂ = κ/c2 = 1/Ls. The chosen Einstein boundary
functional, with no additional area-dependent integration term, therefore gives

U∂(A, Ls) = Π∂A = A

κELs
= TG

A

Ls
, TG = c4

8πG
. (47)

Its first derivatives are

Π∂ ≡
(︃

∂U∂

∂A

)︃
Ls

= c4

8πGLs
= c2κ

8πG
, (48)

FL ≡ −
(︃

∂U∂

∂Ls

)︃
A

= c4A

8πGL2
s

, PL = FL

A
. (49)

The quantities are dimensionally and variationally different. Π∂ is energy per area or force per length, the pres-
sure/tension of a two-dimensional fluid. PL is force per transverse area, the normal scale pressure.
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The pressure interpretation of Π∂ is independently established in the Damour–Navier–Stokes equation and membrane
paradigm, where the tangential momentum balance contains the pressure-gradient term −DAΠ∂ [24–27]. Depending
on orientation and stress convention, the same magnitude is called pressure or tension. The pressure interpretation of
PL is instead fixed by Eq. (25). The relation between them is the Hessian identity

−
(︃

∂Π∂

∂Ls

)︃
A

=
(︃

∂FL

∂A

)︃
Ls

= PL = Π∂

Ls
. (50)

It is useful to call Π∂ the surface pressure/tension and PL the normal scale pressure.

B. Displacement, force per area, and volume

The generalized force FL = −(∂U∂/∂Ls)A and its pressure PL = FL/A are defined before any volume is introduced.
For a specified displacement coordinate x, holding area and the remaining sources fixed gives

FL dLs = F (L)
x dx, F (L)

x = FL

(︃
∂Ls

∂x

)︃
A

. (51)

If dV = A dx, the coefficient of that volume work is Px = PL(∂Ls/∂x)A. Thus PL itself is the pressure associated with
dV only when the chosen displacement has dx = dLs. A proper spatial displacement is not supplied by the units of Ls
alone. Rindler provides an exact proper-distance realization; other sectors specify their own geometric dictionary. For
Schwarzschild, dLκ = 2dRH gives PR = 2PL; equilibrium FRW has dLκ = dRA and PR = PL. The work is invariant
under this joint change of displacement and response coefficient.

On a physical family both area and scale usually vary. Its full pullback is

dU∂

dx
= Π∂

dA

dx
− FL

dLs

dx
. (52)

The second term is the scale-work leg, not generally the negative total derivative. For the positive-branch product
V∂ = ALκ one instead has

dV∂ = A dLκ + Lκ dA, dU∂ = 2Π∂ dA − PL dV∂ . (53)

This explains why the Euler identity U∂ = PLV∂ cannot be inserted into the original differential while leaving the area
coefficient unchanged. The force–length form avoids that ambiguity entirely.

C. What the pullback statement means

The word pullback has a precise differential-geometric meaning. Fix a nonzero sign branch σ = sgn(κ), let S be a
horizon cut, and regard the signed acceleration length as a map

Ls : S −→ Rσ, x ↦−→ Ls(x), Rσ ≡ {L : σL > 0}. (54)

On that one-dimensional source branch, define

Π(L) = c4

8πGL
, dΠ = −PL(L) dL, PL(L) = c4

8πGL2 . (55)

The pullback L∗
s (dΠ) is the one-form on S defined at a point x and tangent vector X ∈ TxS by[︁

L∗
s (dΠ)

]︁
x
(X) = dΠLs(x)

(︁(︁
dLs
)︁

x
(X)

)︁
. (56)

In coordinates this is simply the chain rule:

L∗
s (dΠ) = d(Π ◦ Ls) = −PL dLs, DAΠ∂ = −PLDALs. (57)

On the same fixed-sign branch, Lκ = |Ls| and

Π∂ = σPLLκ, DAΠ∂ = −σPLDALκ, |Π∂ | = PLLκ, DA|Π∂ | = −PLDALκ. (58)
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Consequently the pressure force in the tangential horizon-fluid equation can be written exactly as

−DAΠ∂ = PLDALs = σPLDALκ. (59)

The established membrane pressure-gradient one-form is therefore the pullback to the physical cut of the signed
source-space response one-form −PLdLs. Equivalently, the stress-magnitude gradient is the pullback of −PLdLκ.

This relation gives PL an organizing role, but it does not make it ontologically more fundamental than every parent
quantity. Π∂ is the regular surface stress that appears directly in the tangential momentum equation, while PL is its
susceptibility with respect to the mechanically privileged reciprocal-rate coordinate. Moreover, on a generic expanding
null boundary the still more general parent source is µ = ˆ︁κ + θ/2. The accurate hierarchy is therefore: µ is the generic
null source; Π∂ is the established linear surface stress on the selected non-expanding sector; and PL is the normal
pressure that generates the change of that stress with acceleration length.

Here DA is the tangential covariant derivative on the cut (its index is not the total area A). It measures a spatial
stress gradient, whereas δ compares boundary data in field space. “Pullback” means using Ls(x) to evaluate the
source-space identity on the cut. This changes neither the membrane equation nor its other shear and momentum
terms; it identifies which spatial pattern of the established surface stress is represented by an acceleration-length
gradient.

D. A genuine normal force-balance equation

The same relation enters a normal, rather than tangential, projection of Einstein’s equation. Freidel and Yokokura
showed that a timelike gravitational screen obeys the non-equilibrium equations of a viscous bubble, including a
generalized Young–Laplace equation [28]. Their screen tension is defined by the screen normal-rate variable γt. In
their geometric-unit conventions set κscr = γt and define the corresponding Ls,scr = 1/κscr and PL,scr = κ2

scr/(8πG).
Suppressing these screen subscripts only in this subsection, their orientation gives

γ = −Π∂ = −PLLs. (60)

For a static screen the normal momentum balance is

0 = ∆p + γH = ∆p − Π∂H, (61)

where H is the mean curvature of the cut in the spatial screen and ∆p = pout − pin includes both matter and the
appropriate intrinsic three-curvature contribution. Substitution of Eq. (60) gives the exact signed form

∆p − PLLsH = 0. (62)

In the positive-κ orientation this is ∆p − PLLκH = 0; reversing the screen orientation reverses the signed stress and
pressure-jump convention together. PL enters a genuine normal force balance: its pressure units are converted into
curvature pressure by the dimensionless factor LsH, or by LκH in positive magnitudes. In general the traction is
∆p = PLLsH, not PL alone. Identifying this screen rate with a particular horizon surface gravity requires a matching
flow, lapse, and normalization; it is not automatic.

The full dynamical screen equation, in the geometric units and notation of Ref. [28], is

−(Dt + θt)θn = 8πG
[︁
∆p − PLLsH

]︁
− 1

2
˜︁Θt : Θn − ϱ ω2 − ∆ϱ. (63)

Here the additional terms encode shear/viscous, normal-connection, and lapse-gradient effects. In a spherically
symmetric, irrotational, constant-lapse reduction,

−
(︃

Dt + 3
4θt

)︃
θn

8πG
= ∆p − PLLsH. (64)

Equations (62)–(64) give the normal force-balance extension under this screen-rate dictionary. They are exact
acceleration-length rewritings of an established gravitational-screen equation, not an additional field equation. They
also clarify why no three-dimensional Navier–Stokes equation for PL is required. The Damour equation governs
tangential two-dimensional fluid momentum; the Young–Laplace/normal constraint governs normal screen motion. PL

links the two through Π∂ = PLLs, or through |Π∂ | = PLLκ in positive magnitudes.
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E. Mechanical–thermal bridge and entropy density

For the thermodynamic magnitudes in this subsection, choose the positive-κ orientation. Then Ls = Lκ, Π∂ = |Π∂ |,
and U∂ = |U∂ | = TS. Reversing orientation leaves T , PL, Lκ, and all magnitudes unchanged while reversing the signed
stress and work form, as summarized in Appendix A. Einstein entropy and the Hawking–Unruh temperature are

S = kBc3A

4Gℏ
= kBA

4ℓ2
P

, ℓ2
P ≡ Gℏ

c3 , (65)

T = ℏ|κ|
2πkBc

= ℏc

2πkBLκ
, Lκ = c2

|κ|
. (66)

Equation (66) identifies Lκ as a mechanical–thermal bridge scale. Its Euclidean meaning is strongest for a nonextremal
stationary horizon admitting a regular Hawking–Unruh/KMS state. Wick rotation is the analytic continuation of the
selected Lorentzian time,

t = −iτE , (67)

not a physical evolution of the spacetime. In the two-plane normal to a horizon cut, the local Lorentzian and Euclidean
metrics take the Rindler forms

ds2
⊥,L ≃ −

(︃
|κ|ρ
c2

)︃2
c2dt2 + dρ2, ds2

⊥,E = dρ2 + ρ2dϑ2, ϑ = |κ|τE

c
. (68)

The Lorentzian horizon is at ρ = 0. In the Euclidean normal two-plane this is the rotation fixed point; in the
full spacetime the corresponding fixed-point set is the codimension-two horizon cut, not a single spacetime point.
Smoothness at ρ = 0 requires ϑ ∼ ϑ + 2π. Any other period produces a conical defect at the horizon. Therefore

∆τE = 2πc

|κ|
, c∆τE = 2πLκ. (69)

The reason this periodicity is thermal is standard quantum statistical mechanics. The canonical partition function
Z(β) = Tr e−βH is represented by evolution through imaginary time ℏβ with the endpoints identified. Bosonic
correlators are periodic and fermionic correlators antiperiodic around that imaginary-time circle; the Lorentzian KMS
condition is the operator-algebraic equilibrium statement of the same analyticity and periodicity. For the Minkowski
vacuum restricted to a Rindler wedge, the Bisognano–Wichmann result gives the exact KMS property with respect
to boosts, while an accelerated detector obeys the corresponding Unruh detailed balance. For a regular stationary
black-hole Euclidean saddle, the same smoothness condition fixes the Hawking temperature [7, 33–35].

Writing β = (kBT )−1, the bosonic Matsubara frequencies are

ωE
n = 2πn

ℏβ
. (70)

Equations (66) and (69) give

Ωκ ≡ |κ|
c

= 2πkBT

ℏ
= ωE

1 , Lκ = c

Ωκ
= c

ωE
1

. (71)

The standard content is ℏβ = 2πc/|κ| together with the Matsubara spectrum. Equation (71) is an exact corollary,
familiar in natural units as 1/|κ| = β/(2π), but it is not usually foregrounded as a horizon-mechanical coordinate.
The new structural use here is that the same reduced Euclidean thermal length is also the source coordinate whose
Einstein boundary response is PL. It should not be confused with the Lorentzian wavelength of a typical emitted
Hawking quantum. In Rindler spacetime Lκ is literally the radius of the Euclidean orbit of the selected accelerated
observer; for a globally normalized black-hole clock it is the Euclidean time period in light-travel units divided by 2π,
not generally a proper radial distance [36].

The two laws carried by the same scale are

PL(Lκ) = c4

8πGL2
κ

, kBT (Lκ) = ℏc

2πLκ
. (72)
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The first is classical gravitational boundary mechanics and scales as L−2
κ ; the second is semiclassical quantum-field

temperature and scales as L−1
κ . Their ratio is independent of the clock scale:

kBT

PLLκ
= 4ℓ2

P. (73)

The numerical entropy-density relation could already be written in the established membrane form Π∂/T = S/A.
The acceleration-length factorization

Π∂ = PLLκ, PL = −
(︃

∂|Π∂ |
∂Lκ

)︃
(74)

does not alter that coefficient; it supplies the missing mechanical resolution. It identifies a normal force FL = APL,
a displacement Lκ, and pressure work FL dLκ = PL ϑV . It also makes the same factorization responsible for
the Schwarzschild scale product and the Cai–Kim FRW work term. The entropy density can therefore be read
macroscopically as

S

A
= PLLκ

T
: mechanical boundary-energy density divided by temperature. (75)

This is the interpretive gain beyond substituting the established surface tension into the Hawking relation.
The boundary potential is separately homogeneous of degree one in A and degree minus one in Lκ:

A

(︃
∂U∂

∂A

)︃
Lκ

= −Lκ

(︃
∂U∂

∂Lκ

)︃
A

= U∂ . (76)

Its integrated representations form the Euler chain

U∂ = TS = Π∂A = PL(ALκ) = FLLκ. (77)

Combining Eqs. (73) and (77) gives

S

A
= PLLκ

T
= kB

4ℓ2
P

. (78)

As |κ| → 0, both PLLκ = c2|κ|/(8πG) and T = ℏ|κ|/(2πkBc) vanish linearly, so their ratio retains the finite branchwise
limit in Eq. (78). For a regular finite-area Einstein horizon, TS/A can therefore vanish while S/A remains finite. The
compatibility of zero temperature with finite entropy is familiar; the pressure–length factorization makes the matching
mechanical and thermal scalings explicit. At the exact zero, the reciprocal chart is unavailable and the statement is
understood as a limit from either nonzero branch.

The factor 1/4 is fixed by the ratio of the Einstein boundary coefficient 1/(8πG) to the Hawking–Unruh coefficient
1/(2π); surface gravity and clock normalization cancel. This is not a purely general-relativistic derivation because the
temperature contains ℏ. It is a complete macroscopic boundary-mechanical reconstruction of the Einstein-horizon
entropy density at the interface of classical gravitational action and semiclassical quantum-field temperature. It is
a consistency reconstruction using the Einstein entropy law already stated in Eq. (65). If one instead starts with
T dS = Π∂ dA, integration determines the area term plus an additive constant S0; the Euler equality U∂ = TS uses
the conventional S0 = 0 normalization. No microscopic state count or independent entropy functional is derived.

Ordinary state counting is not a prerequisite for treating this as real entropy. Wald emphasizes that the classical and
semiclassical evidence supports black-hole entropy while “it does not seem obvious that black hole entropy corresponds
to counting states in any usual sense” [8, 9]. One possible macroscopic informational interpretation is a horizon
supplies an observer- or evolution-relative partition between accessible and inaccessible data; boundary mechanics
fixes the energy density assigned to that partition; and temperature converts it into entropy. The claim is not that S
inventories every detailed fact in the hidden region. Such a reading would relate it to information unavailable to, or
thermodynamically indistinguishable within, the selected exterior description. The present equations do not select an
observable algebra, coarse-graining map, or statistical entropy whose equality to the area law has been proved.

For a black-hole event horizon the partition is causal for the exterior observer. For an eternally accelerated Rindler
observer it is causal and permanent for that observer but remains observer-relative because inertial observers do not
share it. A generic FRW apparent horizon is a quasi-local marginal screen and need not be a permanent causal barrier;
exact de Sitter is the special case in which the apparent and cosmological event horizons coincide.
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At fixed area the differential identity is
−S dT = FL dLκ = PL ϑV . (79)

Gravitational cooling and outward scale work are the same canonical variation in this ensemble. This does not by
itself specify an extractable-work protocol.

The geometric product identities remain U∂ = PLALκ = TS and, for the fixed-ratio spherical families, U∂ = 3PRV .
They do not require an effective particle count or a gas model. Define NS ≡ S/kB as dimensionless entropy.

a. Exact inverse-energy scale and entropy displacement. The boundary potential also defines a quantum inverse-
energy scale. Set

M∂ ≡ U∂

c2 , λ̄∂ ≡ ℏ
M∂c

= ℏc

U∂
. (80)

For a particle whose M∂ is invariant rest mass, this is the ordinary reduced Compton wavelength. Here M∂ is instead
the mass equivalent of a clock-normalized boundary potential, not generally particle rest mass, ADM mass, or source
mass. The more precise name is therefore boundary Compton-equivalent length.

The ratio raised naturally by the boundary first law has a direct thermodynamic meaning. At fixed U∂ ,

T

FL
=
(︃

∂Lκ

∂S

)︃
U∂

= Lκ

S
= λ̄∂

2πkB
, (81)

so T/FL is length per entropy, while

kBT

FL
= Lκ

NS
= λ̄∂

2π
. (82)

The quantity kBT/FL is the displacement over which the boundary force does one thermal energy kBT of work.
Equivalently,

2πLκ = NS λ̄∂ , FLλ̄∂ = 2πkBT. (83)

At fixed U∂ , Eq. (81) may also be written

dS = 2πkB
dLκ

λ̄∂

. (84)

A displacement by one boundary Compton-equivalent reduced length gives ∆S = 2πkB. Verlinde postulated the
analogous relation for the displacement of an external test particle relative to a holographic screen, motivated by
Bekenstein’s lowering argument, and chose the 2π normalization so that it combines with Unruh temperature to give
F = ma [3]. Equation (84) has the same mathematical form but a different status and meaning: ∆x is replaced by the
boundary source displacement dLκ, the particle mass is replaced by the boundary mass equivalent, and the coefficient
follows from the Einstein boundary potential and its Hamilton–Jacobi force. This supports a genuine horizon-boundary
origin for the displacement law but does not establish the broader claim that all Newtonian gravity is an entropic force
or justify arbitrary holographic screens and equipartition.

The integrated relation is
S

kB
= 2πU∂Lκ

ℏc
= 2πLκ

λ̄∂

. (85)

It has the algebraic form of saturation of the Bekenstein entropy bound [2]. For Schwarzschild, U∂ = Mc2/2 and
Lκ = 2RH , so the product is the usual Mc2RH ; for Cai–Kim FRW, U∂ = EA and Lκ = RA. For a generic boundary
sector, however, U∂ need not be the total system energy and Lκ need not be an enclosing radius. The result is
therefore a horizon-boundary equality of Bekenstein form: it suggests that the normal-flow product U∂Lκ, rather than
an enclosing radius alone, is the more general boundary object. It is not a new proof of the Bekenstein bound for
arbitrary systems.

The ratio between the quantum and horizon scales is especially simple:

λ̄∂

Lκ
= 2π

NS
= 8πℓ2

P
A

. (86)

It is invariant under a constant rescaling of the prescribed clock. These are exact scale relations after the thermal
identification. They neither construct microscopic boundary states nor establish a physical phase oscillation. The phase
interpretation is retained in Appendix G 3; additional Planck-scale matching conditions are confined to Appendix H.
Supporting response functions appear in Appendix D.
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V. STATIONARY REALIZATIONS AND THERMAL–MECHANICAL DUALITY

A. Rindler: the operational meaning of acceleration length

For an observer with constant proper acceleration a in Minkowski spacetime, introduce coordinates centered on that
observer,

cT =
(︃

c2

a
+ ξ

)︃
sinh

(︃
at

c

)︃
, X =

(︃
c2

a
+ ξ

)︃
cosh

(︃
at

c

)︃
. (87)

The observer is at ξ = 0 and the Rindler horizon is at ξ = −c2/a. The instantaneous rest slice therefore meets the
horizon a proper distance

Lκ = c2

a
(88)

behind the observer. The Lorentzian trajectory satisfies X2 − c2T 2 = L2
κ, a hyperbola. Under the analytic continuation

t = −iτE it becomes

cTE = Lκ sin
(︂aτE

c

)︂
, X = Lκ cos

(︂aτE

c

)︂
, (89)

a Euclidean circle of radius Lκ. The Rindler horizon ρ = 0 becomes the origin of this normal Euclidean plane; in
four dimensions the transverse horizon plane remains as the fixed-point set. One smooth circuit has a∆τE/c = 2π,
reproducing the Unruh period. Rindler therefore makes Lκ simultaneously the observer–horizon proper distance, the
curvature radius of the accelerated worldline, the Euclidean orbit radius, and the reduced thermal length [7, 35, 36].

Proper time fixes the physical clock and κ = a. The source proposition and corner action then give

P R
L = a2

8πG
, F R

L = Aa2

8πG
, UR

∂ = Aac2

8πG
. (90)

No source mass, curvature, center, or spherical volume is used. To make the transverse geometry explicit, choose
Cartesian coordinates y, z on a horizon cut and a finite rectangle D. Then

AD =
∫︂

D
dy dz = ∆y ∆z, U∂,D = ADac2

8πG
. (91)

Changing the selected patch at fixed acceleration changes U∂ and FL in proportion to area, but changes neither Lκ

nor PL. No projection of a sphere is involved. This is the cleanest local demonstration that the normal pressure is not
merely a Newtonian source-field formula in disguise.

For an observer who accelerates uniformly for all proper time, the Rindler horizon is a permanent causal barrier
for that observer. It is nevertheless observer-relative: inertial observers in the same Minkowski spacetime do not
share the partition, and a finite-duration accelerated trajectory need not possess the same eternal event horizon. The
nonzero response in flat spacetime is therefore attached to the accelerated observer’s boundary and clock, not to an
observer-independent stress of the Minkowski vacuum.

Normalization of the horizon energy. The force in this section uses the same prescribed acceleration and clock as
the boundary potential. For that normalization, U∂ = Jηc/Lκ and the fixed-area length response is −FL dLκ. Related
quasilocal horizon-energy assignments are discussed in the antecedent literature [18]; they are not needed to introduce
an additional length or energy into the present derivation. Here Rindler supplies its own exact acceleration-length
interpretation, while the Schwarzschild and cosmological examples retain their stated rate prescriptions.

B. Why the common mass–radius relation does not fix acceleration length

Surface gravity depends on geometry and the physical evolution used to normalize it. Schwarzschild’s usual rate is
evaluated at the horizon and normalized by the stationary clock at infinity; it is not measured at infinity. A local clock
redshifts both rate and potential, without changing Schwarzschild into cosmological geometry. Evolution is a second
issue: generic FRW has an evolving marginal-screen history, whereas Schwarzschild and exact de Sitter are stationary.
De Sitter is their overlap, not a reason to call every FRW screen stationary.
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In a spherically symmetric spacetime ds2 = habdxadxb + R2dΩ2
2, the Misner–Sharp energy is

EMS = c4R

2G

(︁
1 − hab∂aR ∂bR

)︁
. (92)

A spherical marginal surface has hab∂aR∂bR = 0, so R = 2GMMS/c2, with MMS = EMS/c2 [63, 64]. This is the
genuine common mass–radius relation for Schwarzschild and FRW apparent horizons.

For a static spherical line element

ds2 = −f(r)c2dt2 + dr2

f(r) + r2dΩ2
2, |κ| = c2

2 |f ′(R)|, (93)

where the horizon is a simple root f(R) = 0, the clock is that of the displayed t. Standard infinity-normalized
Schwarzschild and center-normalized de Sitter give, respectively,

fSchw(r) = 1 − RH

r
, f ′

Schw(RH) = 1
RH

, LSchw
κ = 2RH ,

fdS(r) = 1 − r2

R2
dS

, f ′
dS(RdS) = − 2

RdS
, LdS

κ = RdS. (94)

Both horizons are locally Rindler. Their different acceleration-length ratios are controlled by the radial metric gradients
and selected normalizations; a local Rindler approximation does not fix those global data. The horizon mass–radius
relation fixes f(R) = 0, whereas surface gravity also requires f ′(R). This is the geometrical reason that a shared
R = 2GMMS/c2 need not imply a shared Lκ/R. For the metric in Eq. (93), writing f(r) = 1 − 2Gm(r)/(c2r) makes
the distinction explicit:

κs = c2

2R
− Gm′(R)

R
, m(R) = c2R

2G
. (95)

Schwarzschild has m′ = 0; de Sitter has a volume-proportional mass profile. More general static lapse functions require
their own normalization factors. Neither Lκ = R nor Lκ = 2R is a universal inference from the horizon’s mass–radius
relation alone.

C. Schwarzschild radius work and pressure

Let RH = 2GM/c2 and normalize the stationary Killing field to unit time at infinity. Then

κ∞ = GM

R2
H

= c2

2RH
= c4

4GM
, Lκ = 2RH . (96)

With AH = 4πR2
H ,

P Schw
L = c4

32πGR2
H

, F Schw
L = c4

8G
, USchw

∂ = FLLκ = TS = Mc2

2 . (97)

The length-conjugate force is independent of black-hole size in four spacetime dimensions. Expressing its work in the
actual areal radius RH and conventional areal volume VH = 4πR3

H/3 gives

FL dLκ = FR dRH = (Mκ∞) dRH = PR dVH , PR = FR

AH
= 2PL = κ2

∞
4πG

. (98)

The radius force is FR = 2FL = Mκ∞ = c4/(4G). The coefficient doubles because dLκ = 2dRH ; it describes the same
work. More directly,

dLκ

Lκ
= dRH

RH
, FL dLκ = U∂

dLκ

Lκ
= U∂

dRH

RH
, dU∂ = Π∂ dAH − PR dVH . (99)

Both terms refer to the changing horizon sphere, without placing another boundary at 2RH . The areal radius is
genuine geometric size, not a universal proper distance from a center or observer. Area and volume are linked:
Π∂ dAH = 2PR dVH , dU∂ = PR dVH , and U∂ = 3PRVH . The potential remains U∂ = Mc2/2; the mass law is still
d(Mc2) = T dS = 2dU∂ . No independent mass-work term is added.
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D. Exact Smarr products and their distinct responses

The Schwarzschild mass identity has the exact form

Mc2 = TS + FLLκ, TS = FLLκ = U∂ = Mc2

2 . (100)

The two products coincide as functions of the extended sources. Their area and length derivatives nevertheless identify
distinct responses:

TS = A

(︃
∂U∂

∂A

)︃
Lκ

, FLLκ = −Lκ

(︃
∂U∂

∂Lκ

)︃
A

. (101)

Along the Schwarzschild family,

d(TS) = d(FLLκ) = dU∂ = 1
2d(Mc2), T dS = d(Mc2). (102)

Thus the boundary-potential law and the standard mass law agree; no independent mass-work term or second
scalar degree of freedom is added. The exact products are the result here. Their proposed kinetic/potential and
stationary-virial interpretations, together with the formal free-energy relation, are examined separately in Appendix G.

E. Spherical horizon energy and the two length scales

The general potential is area based. In the spherical marginal-horizon specialization of Eq. (92), set

Esph = EMS = c4R

2G
, A = 4πR2. (103)

The marginal condition is essential: c4R/(2G) is not the Misner–Sharp energy of an arbitrary spherical cut. The
previously established area potential becomes

U∂ = EsphR

Ls
,

U∂

Esph
= R

Ls
= κR

c2 . (104)

Thus the ratio of the boundary potential to the geometric horizon energy is the ratio of transverse areal radius
to normal acceleration length. On the positive branch Ls = Lκ, Cai–Kim FRW has Lκ = RA and U∂ = EA;
standard Schwarzschild has Lκ = 2RH and U∂ = Mc2/2. With a signed rate, Eq. (104) uses Ls; magnitudes obey
|U∂ |/Esph = R/Lκ. The boundary potential retains its clock dependence even though EMS is geometrically assigned.

The energy–length form unifies this interpretation with the established boost charge:

U∂Ls = cJη = EsphR. (105)

The first equality requires only the stated area–rate potential and Einstein boost normalization. The second uses a
spherical marginal horizon. A Rindler patch therefore retains U∂Ls = cJη without any intrinsic spherical radius or
enclosed Misner–Sharp energy. A formal area-equivalent radius

√︁
A/(4π) labels size but does not create a curved

sphere or its bulk energy.
Because Esph ∝ R, its radius cannot be varied while holding that energy independently fixed. The complete

differential is

dU∂ = R

Ls
dEsph + Esph

Ls
dR − EsphR

L2
s

dLs

= 2U∂

R
dR − FL dLs = Π∂ dA − FL dLs.

(106)

The two radius contributions together reproduce the area term; neither may be silently dropped. Section V F retains
the additional changing-ratio term when Ls/R varies. The ER/Ls form is a useful spherical interpretation, not a
broader replacement for U∂(A, κ).
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A useful distinction appears in the energy–temperature slopes. For E = Esph on the positive branch, the ratio
α = E/(TS) in the next formula equals αR = Lκ/R. For a spherical family with constant α, E = αTS, S ∝ R2, and
T ∝ R−1,

CE ≡ dE

dT
= −αS, Cpath ≡ T

dS

dT
= −2S. (107)

The second coefficient is the reversible heat-path slope when δQrev = T dS applies. Schwarzschild has α = 2 and the
mass law dE = T dS, so its energy slope is the usual heat capacity −2S. Cai–Kim FRW has α = 1: its energy slope
is −S, while the screen-law heat-path slope is −2S, with their difference supplied by pressure work. These are not
competing definitions of a single work-free heat capacity.

At fixed area in the extended source ensemble,

χ
(A)
UT ≡

(︃
∂U∂

∂T

)︃
A

= S, C
(Q)
A ≡ T

(︃
∂S

∂T

)︃
A

= 0. (108)

The first is an energy–temperature susceptibility. Entropy is fixed on that slice, so the variation changes the source
potential through the work channel rather than transferring reversible heat.

F. Radius force, homogeneity, and the limits of the Smarr connection

Equations (S27)–(S29) follow by substituting A = 4πR2 and Ls = αRR into the parent potential:

U∂(R, αR) = c4R

2GαR
, Π∂ dA = 2FR dR, FL dLs = FR dR + U∂

dαR

αR
. (109)

The positive radius-work pressure is PR = FR/A on the positive branch. It differs from the acceleration-length pressure
by PR = αRPL. The identity

U∂ = FRR = 3PRV = 3αRPLV (110)

uses the Euclidean areal-volume convention AR = 3V . It does not make A dLs a general exact volume differential and
does not identify PR with a matter pressure or a cosmological-constant pressure.

Under a physical rescaling with dimensionless sector data fixed, R ↦→ λR, A ↦→ λ2A, Ls ↦→ λLs, and κ ↦→ κ/λ. The
boundary potential has degree one:

U∂(λ2A, λLs) = λU∂(A, Ls), 2Π∂A − FLLs = U∂ . (111)

This is the same Euler identity as R(∂U∂/∂R)αR
= U∂ . The radius representation displays the homogeneity underlying

Smarr relations [56, 58]; the acceleration-length representation already contains it. No additional Smarr constraint
follows merely from the change of variables.

For Schwarzschild, the mass first law and its integrated relation are

d(Mc2) = Π∂ dA = 2Mκ dRH , Mc2 = 2U∂ = 2MκRH = TS + MκRH . (112)

In particular, Mκ dRH = dU∂ = 1
2 d(Mc2). The two equal products TS and MκRH are representations of one function

U∂ , not independent energy reservoirs. For Cai–Kim FRW, by contrast, αR = 1, U∂ = EA = MAc2, and

FR = MAκCK = c4

2G
, EA = FRRA = 3PscrVA, dEA = 2FR dRA − FR dRA. (113)

This is the analogous horizon-energy scaling identity within the Cai–Kim construction; it does not supply an asymptotic
FRW mass or a stationary black-hole mass theorem.

The condition on the scale ratio is essential. For signed Hayward FRW, away from κs
H = 0, the established

rate relation gives αR = 4/(3w − 1). The second term of Eq. (109) is then U∂ dαR/αR = −3EA dw/4, exactly the
equation-of-state contribution derived in Sec. VI. Only at fixed w does this work reduce to (MAκs

H) dRA.



26

a. Kerr: an exact mass–radius product with a specified radius. For an asymptotically flat, nonextremal, uncharged
Kerr black hole with the standard infinity-normalized stationary generator, let r+ be the outer Boyer–Lindquist horizon
coordinate and let aK = J/(Mc). The established Kerr relations [55, 56, 58] imply

A = 4π(r2
+ + a2

K) = 8πGMr+

c2 , U∂ = Mκr+. (114)

Defining α+ = Ls/r+ therefore gives the exact scale-work identity

FL dLs = Mκ dr+ + U∂
dα+

α+
, Mc2 = 2Mκr+ + 2ΩHJ. (115)

For χ = Jc/(GM2) and s =
√︁

1 − χ2 > 0, κr+/c2 = s/2 and α+ = 2/s. Hence FL dLs = Mκ dr+ along fixed-
dimensionless-spin scaling families. Fixed J or fixed aK is generally a different variation and retains the extra term.
The standard mass first law remains d(Mc2) = Π∂ dA + ΩH dJ .

The coordinate r+ is neither an areal radius nor a proper radial distance. If instead R =
√︁

A/(4π) is used, the
general radius product is U∂ = MirrκR, where Mirr = c2R/(2G) is the irreducible mass, not the Kerr total mass. The
spherical canonical normalization in Eq. (38) must not be transferred unchanged to (r+, Mκ) when spin and horizon
shape also vary.

b. Charged horizons and absence of a preferred radius. A simple counterexample to an unrestricted total-mass
force claim is Reissner–Nordström. In G = c = 1 units, with outer areal radius R and geometrized charge Q,

M = R2 + Q2

2R
, MR = R

2 , κ = 1 − Q2/R2

2R
, − A

8π

(︃
∂κ

∂R

)︃
Q

= 1
4

(︃
1 − 3Q2

R2

)︃
. (116)

The last coefficient is the scale-work coefficient along a fixed-Q radius variation. It is generally neither MRκ nor Mκ;
the scale-ratio term accounts for the difference. At fixed Q/R, αR is constant and the coefficient is MRκ, while MR

still differs from the total mass. Thus both the mass definition and the variation must be specified. Rindler supplies a
different limit: its finite-patch boundary potential is well defined, but there is no preferred spherical radius or enclosed
Misner–Sharp mass. Acceleration length remains meaningful there.

The two representations have complementary uses. Radius makes the spherical scaling and the stated Kerr Smarr
product especially direct; acceleration length retains the operational Rindler normalization and the normal-rate source
interpretation before a radius prescription is chosen. Neither produces an additional law merely by reparameterizing
the same potential.

G. Schwarzschild–de Sitter and clock normalization

Schwarzschild hides the normalization issue because asymptotic flatness supplies a conventional clock. For

f(r) = 1 − 2GM

c2r
− Λr2

3 (117)

and a static generator χa
α = α(∂t)a, either horizon ri has

|κ(α)
i | = α

c2

2ri
|1 − Λr2

i |, P
(α)
L,i = [κ(α)

i ]2

8πG
. (118)

Different admissible normalizations assign different numerical responses to the same intrinsic cut. Once a particular
static observer is selected, the locally redshifted value is consistent. The absence of a preferred global clock is therefore
a physical ensemble issue, not an algebraic inconsistency [48, 49].

VI. COSMOLOGICAL APPLICATION: FRW SCREEN WORK AND NORMAL FOCUSING

A. Compact-screen response

Consider the four-dimensional FRW metric

ds2 = −c2dt2 + a2(t)
(︃

dr2

1 − kr2 + r2dΩ2
2

)︃
, R(t, r) = a(t)r, (119)
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and let ρ and pm denote total energy density and matter pressure in the same units. The apparent-horizon radius is

RA = c√︁
H2 + kc2/a2

. (120)

The Friedmann constraint and Misner–Sharp definition give

EA = ρVA = c4RA

2G
, VA = 4π

3 R3
A, ρ = 3c4

8πGR2
A

. (121)

Here VA is the areal volume entering the Misner–Sharp relation. For k ≠ 0 it differs from the proper volume of a
cosmic-time spatial ball; the latter contains the radial metric factor 1/

√
1 − kr2. Along the homogeneous family of

apparent-horizon screens,

Pscr ≡ dEA

dVA
= c4

8πGR2
A

= ρ

3 . (122)

This is a positive compact-screen size response, not the cosmic-fluid pressure pm and not the conventional independent-
variable derivative −(∂E/∂V )S . Both SA and VA are functions of the single physical parameter RA.

The associated force is

Fscr = AAPscr = c4

2G
, dEA = Fscr dRA = Pscr dVA. (123)

The force is constant in four dimensions: four times the Schwarzschild length force F Schw
L , and twice its radius force

F Schw
R . At the same radius the Cai–Kim acceleration scale is twice the Schwarzschild surface gravity; the stated

displacement determines which force coefficients are being compared.
The inverse pressure slope along the physical spherical family is

dVA

dPscr
= − 3VA

2Pscr
, Bscr ≡ −VA

dPscr

dVA
= 2

3Pscr. (124)

The factor of three relative to Eq. (D2) arises because the transverse area changes with the radius rather than being
held fixed. This is a constrained-screen response slope, not a dynamical stability result. Kong’s effective pressure
Peff ≡ −dEA/dVA is consequently −Pscr = −ρ/3 in four-dimensional Einstein FRW [41]; it uses a different work
convention and is not the positive scale-work coefficient in Eq. (139).

B. Friedmann system in screen-pressure variables

Define the Einstein coupling in the field-equation normalization,

κE ≡ 8πG

c4 . (125)

Since ρ = 3Pscr, the two Friedmann equations and the continuity equation can be written entirely in terms of the
positive screen pressure Pscr and the signed matter pressure pm:

1
R2

A

= κEPscr, (126)

2
c2

(︃
Ḣ − kc2

a2

)︃
= −κE(3Pscr + pm), (127)

2ä

ac2 = −κE(Pscr + pm), (128)
˙Pscr + H(3Pscr + pm) = 0. (129)

Equation (126) says that the screen pressure sets the apparent-horizon inverse-square scale. The acceleration equation
shows that the universe accelerates precisely when the negative bulk pressure exceeds the positive screen pressure in
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magnitude, pm < −Pscr. The combination 3Pscr + pm governs the change of the Hubble rate and the dilution of the
screen pressure. Equivalently,

ṘA

HRA
= 3Pscr + pm

2Pscr
. (130)

The geometry clarifies why these combinations appear. Spherical spacetime separates as

ds2 = habdxadxb + R2(x)dΩ2
2, (131)

where hab is the two-dimensional Lorentzian time–radial, or orbit, geometry and the second term is the transverse
symmetry sphere. On the apparent-horizon cut, the sphere has Gaussian curvature

KS2 = 1
R2

A

= κEPscr. (132)

This equality is special to the Cai–Kim realization LCK = RA; the general boundary-pressure identity is κEPL = 1/L2
κ.

The scalar curvature of the normal time–radial geometry is, with the curvature convention used here,

(2)R⊥ = 2ä

ac2 = −κE(Pscr + pm). (133)

The transverse two-sphere Ricci scalar is (2)RS2 = 2/R2
A = 2κEPscr. Their sum isolates the trace-sensitive pressure

contrast,

(2)RS2 + (2)R⊥ = κE(Pscr − pm) =
(4)R

3 . (134)

Therefore Pscr fixes transverse horizon curvature, Pscr + pm fixes normal expansion curvature, and Pscr − pm fixes the
trace or cross-focusing curvature.

C. Stationary de Sitter and the evolving screen

A de Sitter static-patch horizon is both cosmological and a stationary nonexpanding Killing horizon. With a
consistent clock and orientation, it therefore realizes the null and stationary corner responses directly. At fixed Λ, the
cosmological term in the Einstein Lagrangian contains no metric derivatives and adds no derivative symplectic-potential
term. The original cosmological area law has a gravitational Killing-identity foundation [48]; its matter Killing-energy
variation is not automatically the Misner–Sharp energy of a changing horizon sphere.

For the positive equilibrium assignment κ = c2/RA, one has U∂ = EMS = c4RA/(2G) and T dS = 2 dEMS. Together
with PL dV = dEMS this gives the screen first law. The relation does not erase the fact that adding matter at fixed
vacuum density can shrink a cosmological horizon. Nor does it identify the oriented horizon charge with every energy
appearing in a cosmological first law. The positive screen potential and the signed canonical orientation are separate
conventions that must be matched.

A generic evolving FRW apparent-horizon worldtube is not a de Sitter Killing horizon. Vanishing expansion of one
null congruence on each marginal sphere is not nonexpansion of the entire worldtube. The exact screen identities below
therefore use the stated Einstein–FRW calibration, not a claim that the complete moving-boundary action has been
reduced to the single stationary rate term. No new universal canonical FRW theorem is asserted.

D. Cai–Kim equilibrium scale

A generic FRW apparent-horizon worldtube is not a non-expanding null boundary: a marginal cut does not imply a
null, non-expanding tube.

A marginal sphere has vanishing expansion along one null normal. Its worldtube follows the locus of marginal
spheres on successive slices, not necessarily those same light rays. In flat expanding FRW,

dR±

dt
= HR ± c, RA = c

H
,

dR−

dt

⃓⃓⃓⃓
RA

= 0, ṘA = −cḢ

H2 . (135)
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These are different directional derivatives: a zero null expansion on each cut does not make the moving history
nonexpanding. For flat dust FRW, RA = 3ct/2 and its speed relative to the comoving frame is ṘA − HRA = c/2: the
tube is timelike and its area changes. A stationary de Sitter horizon is a special nonexpanding null overlap. Persistent
radiation gives a null but area-growing history; marginality, nullness and nonexpansion are distinct conditions. Thus
stationary Rindler, Schwarzschild, and de Sitter admit the direct restricted certification, while general CK FRW is
the separate screen-state realization stated here. The null-source proposition therefore does not by itself establish a
canonical theorem for this evolving screen. The following realization uses the Friedmann constraint and the separately
specified instantaneous Cai–Kim calibration,

κCK = c2

RA
, LCK = RA, TCK = ℏc

2πkBRA
. (136)

It makes the acceleration-length pressure coincide exactly with the screen response:

P CK
R = P CK

L = Pscr, TCKSA = EA, F CK
L = MAκCK = c4

2G
, (137)

where MA = EA/c2. Because LCK = RA, the same force is conjugate to both length and radius, and F CK
L dLCK =

MAκCKdRA = PscrdVA. The differential chain is

TCKdSA = 2dEA, −SAdTCK = F CK
L dLCK = PscrdVA = dEA, (138)

and hence

dEA = TCKdSA − PscrdVA. (139)

Here normal-scale and radial pressure coincide, whereas Schwarzschild uses PR = 2PL for its equally exact volume work.
Every quantity is fixed by the same macroscopic radius. The result is an exact reorganization of the Einstein–FRW
constraint, not a new Friedmann equation and not Cai and Kim’s original matter-flux identity [37].

The distinction matters. Cai and Kim used the energy supply crossing a momentarily fixed apparent horizon,

δQmatt = AA(ρ + pm)HRA dt = TCKdSA, (140)

with signs determined by orientation. Equation (139) instead resolves the simultaneous change of the constrained
screen state into entropy and size legs. The flux law sorts change by carrier; the screen law sorts the same geometry by
boundary coordinate.

The energy–temperature slope from Eq. (107) is

dEA

dTCK
= −SA, TCK

dSA

dTCK
= −2SA, −Pscr

dVA

dTCK
= SA. (141)

The work term accounts for the difference. The second expression is the heat-path coefficient of the formal screen-state
first law, not a claim of exact equilibrium thermality for arbitrary evolving FRW geometry.

E. Full Hayward surface gravity

The Cai–Kim scale is an instantaneous equilibrium calibration. The signed Kodama–Hayward surface gravity probes
the evolving normal two-geometry:

κs
H = c2

2 □hR
⃓⃓
RA

= − c2

RA

(︃
1 − ṘA

2HRA

)︃
. (142)

The ratio form assumes H ≠ 0. A regular expression at H = 0, when RA remains finite, is κs
H = −(RA/2)(Ḣ + 2H2 +

kc2/a2). It measures the transverse-null slope of the marginal condition, or normal cross-focusing. A comoving FRW
observer is geodesic, so this is not the observer’s proper acceleration.

Using the Friedmann and continuity equations,

ṘA

2HRA
= 3Pscr + pm

4Pscr
= 3

4(1 + w), w ≡ pm

ρ
, (143)
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for arbitrary spatial curvature. Therefore the signed Hayward surface gravity admits the equivalent pressure and
curvature forms

κs
H = c2

4RA
(3w − 1) = −c2RA

4 κE(Pscr − pm) = −c2RA

12
(4)R. (144)

It measures the trace-sensitive contrast between the positive screen pressure and the signed material pressure.
The trace combination in Eq. (144) is established horizon geometry. An optional surface-density packaging and

its operational comparison tests are collected in Appendix E; they are not needed for the scale-work law. In the
parent-potential identity below, Etr ≡ (ρ − 3pm)VA denotes the integrated signed trace.

On a nonzero branch, the corresponding signed Hayward acceleration length is

Ls
H ≡ c2

κs
H

= 4RAPscr

pm − Pscr
= 4RA

3w − 1 ,
RA

Ls
H

= pm − Pscr

4Pscr
. (145)

The quadratic Hayward response becomes

P H
L = (κs

H)2

8πG
= (Pscr − pm)2

16Pscr
=
(︃

1 − 3w

4

)︃2
Pscr. (146)

P H
L and Pscr answer different questions. For dust, P H

L = Pscr/16 and |Ls
H | = 4RA; for radiation the pressure contrast

vanishes, so P H
L = 0 and |Ls

H | = ∞; at the coasting threshold pm = −Pscr, |Ls
H | = 2RA; and for de Sitter P H

L = Pscr
and |Ls

H | = RA.
Faraoni showed that the expanding apparent horizon changes trapping and oriented-temperature character at

pm = ρ

3 = Pscr. (147)

The threshold is established work; the additional reading here is that it equates matter pressure with the independently
defined compact-screen response. At the threshold, κs

H = 0 and P H
L = 0 while Pscr remains finite. Geometrically,

the positive transverse-sphere curvature and negative normal-plane curvature cancel in Eq. (134). The rate variable
remains regular, but its reciprocal length chart reaches infinity [40].

A generic FRW apparent horizon is a quasi-local marginal screen rather than a cosmological event horizon. Its
worldtube can be timelike, spacelike, or null, and it can be crossed as the cosmology evolves. Exact de Sitter is the
special case in which the apparent and event horizons coincide.

F. Hayward–Mukohyama–Ashworth parent potential

Hayward’s work density is

W = −1
2T abhab = ρ − pm

2 . (148)

The spherical Einstein equations and the Hayward–Mukohyama–Ashworth Kodama–Noether charge give

˜︂U∂ ≡ AAc2κs
H

8πG
= EA

2 − 3
2WVA = −1

4(ρ − 3pm)VA = −1
4Etr. (149)

The HMA parent potential is therefore minus one quarter of the signed trace energy. Combining this identity with˜︂U∂ = AAc2κs
H/(8πG) reproduces Eq. (E2) directly. This supplies an independent quasi-local route to the surface-

density packaging: the Hayward rate is controlled by Ricci-trace energy per horizon area, while the Cai–Kim screen
pressure remains controlled by total energy per screen volume.

On a branch admitting a positive Hayward temperature,

THSA = |˜︂U∂ | = |Etr|
4 . (150)

The quarter in Eq. (150) and the quarter-area entropy coefficient share the same Aκ/(8πG) Noether normalization
and a 2π conversion. They are distinct physical statements, not a microscopic derivation of one from the other.
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Pulling a variation back along the physical trapping-horizon trajectory, Hayward’s unified first law is

dHEA = T s
HdHSA + W dHVA. (151)

For nonzero κs
H , differentiation of Eq. (149) gives the exact allocation

−F H
L dHLs

H = −1
2T s

HdHSA − W dHVA − 3
2VAdHW. (152)

This shows precisely how the reciprocal-rate variation is redistributed among area, matter-work, and changing-work-
density terms. The Hayward acceleration length therefore supplies a normal-scale interpretation of the established
dynamical balance rather than an additional standalone first law. It is the appropriate dynamical qualification to the
equilibrium Cai–Kim law [19, 38].

G. Exact relation between the two cosmological scale-work terms

The main pressure variables are Pscr = ρ/3 and the material pressure pm. For ρ > 0, the standard equation-of-state
parameter is w = pm/ρ = pm/(3Pscr). The dimensionless ratio

χ ≡ κs
H

κCK
= −Pscr − pm

4Pscr
= 3w − 1

4 (153)

is a useful algebraic shorthand; it introduces no new physical source. The dynamical rate depends on the pressure
contrast, whereas cosmic acceleration depends on the pressure sum. Explicitly,

P H
L = (Pscr − pm)2

16Pscr
, ˜︂U∂ = −3

4(Pscr − pm)VA. (154)

On a branch χ ̸= 0, the HMA and Cai–Kim potentials obey

˜︂U∂ = χEA, Ls
H = RA

χ
, P H

L = χ2Pscr, F H
L = χ2F CK

L . (155)

Consequently the exact scale-work transformation is

F H
L dLs

H = χPscrdVA − EAdχ = χPscrdVA − 3
4EAdw. (156)

In the pressure notation used for the Friedmann equations this is

F H
L dLs

H = pm − Pscr

4 dVA − 3
4EA dw. (157)

The familiar w is retained only to make the changing-equation-of-state contribution transparent. Equivalently,
its last term is −EA d(pm/Pscr)/4; no new equation-of-state variable is needed. At fixed w the work reduces to
F H

L dLs
H = MAκs

HdRA. On a positive-temperature branch use f = |χ|, LH = RA/f , and U+
H = fEA; then

F H
L dLH = fPscrdVA − EAdf , with radial force MA|κs

H | at fixed w.
The two energy balances are simultaneously consistent:

dEA = ΠCKdAA − PscrdVA = Πs
HdAA + WdVA. (158)

Using ΠCK = RAPscr, Πs
H = RA(pm − Pscr)/4, and W = (3Pscr − pm)/2, the same pair reads

dEA = RAPscr dAA − Pscr dVA

= RA(pm − Pscr)
4 dAA + 3Pscr − pm

2 dVA.
(159)

These are balances for EA, not differentials of the signed HMA potential ˜︂U∂ . The second equality is pulled back to the
physical trapping-horizon trajectory. Since dAA = 2dVA/RA and 2(1−χ)Pscr = Pscr +W , the different area coefficients
are compensated by their different work allocations. This is an exact Einstein–FRW relation, independent of spatial
curvature. It does not identify either rate with the complete source of every moving-boundary action; Appendix C
gives a separate comparison that leaves this general matching problem unresolved. At χ = 0, use the regular rate and
potential variables instead of the singular reciprocal chart.
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a. Signed radial pressure and reconstruction of the bulk pressure. The coefficient in Eq. (157) has a direct pressure
representation. Define the signed Hayward radial coefficient by

P H
R ≡ MAκs

H

AA
= c2κs

H

8πGRA
= pm − Pscr

4 , F H
R = AAP H

R . (160)

Here MA = EA/c2 = c2RA/(2G) is the horizon Misner–Sharp mass, not the mass equivalent of the signed Hayward
boundary potential. The screen and radial response coefficients therefore reconstruct the homogeneous bulk source:

ρ = 3Pscr, pm = Pscr + 4P H
R , P H

L = (P H
R )2

Pscr
. (161)

P H
R is signed and is distinct both from the nonnegative length-response density P H

L and from Hayward’s work density
W . It is the coefficient paired with dVA at fixed w; the full work retains −3EA dw/4 when w varies. The instantaneous
reconstruction in Eq. (161) does not require constant w. It remains finite at κs

H = 0, where the reciprocal length chart
is singular.

No equation of state is needed to evaluate the two coefficients from a specified FRW geometry. For H ≠ 0 and finite
RA,

Pscr = c4

8πGR2
A

, P H
R = −Pscr

(︃
1 − ṘA

2HRA

)︃
, pm = Pscr

(︃
2ṘA

HRA
− 3
)︃

. (162)

The first two expressions use the apparent-horizon radius and the geometric Hayward rate; their identification with the
bulk source uses Einstein’s equations. Equivalently, pm = −c2(2Ḣ + 3H2 + kc2/a2)/(8πG). For an expanding spatially
flat geometry, HRA = c, so RA and ṘA suffice to reconstruct the total density and pressure. For nonzero spatial
curvature the displayed radius-rate formula also uses H. These are on-shell gravitational reconstruction identities, not
an additional material equation of state or a derivation of matter microphysics. An equation of state or matter model
is still needed to predict the geometry from initial data. A prescribed geometric history must in turn be compatible
with that matter model. Any cosmological constant is included here in the total ρ and pm.

The existing acceleration and conservation equations can correspondingly be displayed without pm:

ä

a
= −8πG

c2 (Pscr + 2P H
R ), ˙Pscr + 4H(Pscr + P H

R ) = 0. (163)

They are the same Einstein–FRW dynamics in response variables, not an independent closure relation.
b. The same coefficients and the horizon’s causal history. In spatially flat expanding FRW, the time–radial metric

gives for the apparent-horizon trajectory at fixed angles

ds2

dt2

⃓⃓⃓⃓
H

= −c2 + (ṘA − HRA)2 = 4c2 P H
R (Pscr + P H

R )
P 2

scr
. (164)

This is the tangent norm in cosmic-time parametrization, not a local material speed. It expresses the established causal
classification of FRW apparent horizons in the two pressure variables [40]. The history is timelike for −Pscr < P H

R < 0,
null at P H

R = 0 (radiation equation of state) or P H
R = −Pscr (vacuum equation of state), and spacelike outside that

interval. Persistent vacuum domination gives the de Sitter stationary case; the radiation case is null but its area grows.
Thus marginality of each cut, nullness of the history, and nonexpansion along that history are distinct conditions. The
common pressure variables organize horizon size, normal geometry, matter pressure and causal character; they supply
neither an additional horizon equation of motion nor a complete moving-boundary canonical theorem.

H. Scope of the evolving-screen interpretation

An evolving apparent-horizon worldtube need not be null. The scalar null-boundary response does not by itself
provide its complete action variation. Embedding, matter, clock, stretching and corner data must be retained when
testing a cosmological rate. Appendix C finds a mismatch for one specified timelike ensemble; this excludes that
identification in that ensemble, not every possible prescription. The additional surface-density comparisons are kept
with their tests in Appendix E. The exact equilibrium and Hayward state identities above do not depend on interpreting
the packaged density as a material membrane or a literal shell.
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VII. INTEGRABILITY AND FINITE DYNAMICAL BALANCE

A. When the scale leg is and is not a state energy

On the extended boundary source space, define the scale one-form

αL ≡ −FL δLs = Ac2

8πG
δκ. (165)

Its phase-space exterior derivative is

dΓαL = c2

8πG
δA ∧ δκ = −PLδA ∧ δLs. (166)

Therefore there is no universal state function HL(A, Ls) satisfying δHL = αL when area and scale vary independently.
Here “independently” means virtual source variations in the extended boundary ensemble, not a claim that every
physical history explores an arbitrary two-dimensional path. The principal Schwarzschild and Cai–Kim families are
one-dimensional and link A to Lκ; Rindler also supplies an operational setting in which patch area and observer
acceleration can be controlled separately. The nonzero curl does not disqualify the term as work–ordinary P dV is
generally nonexact–and does not qualify the pressure law on a physical one-parameter family. It rules out only a
universally separate stored scale energy on the unrestricted source space.

The complete parent variation remains exact because

dΓ(Π∂δA) = −dΓαL, δU∂ = Π∂δA + αL. (167)

On a one-dimensional physical family, or any leaf Ls = Ls(A), the pullback of the two-form vanishes and the scale leg
is integrable along that leaf. Ashtekar, Fairhurst, and Krishnan obtained the equivalent condition δκ ∧ δA = 0 for
isolated-horizon Hamiltonian evolution [42].

For spherical Hayward horizons, using

κs
H = c2

2R
− 4πGR

c2 W (168)

in Eq. (166) gives the exact reduced obstruction

dΓαL = −δV ∧ δW. (169)

The isolated scale leg is therefore integrable on restricted leaves such as fixed W , W = W (V ), or a single history, but
not for generic independent variations of screen size and equation of state.

B. Finite constant-force law for dynamical black holes

Ashtekar, Paraizo, and Shu proved an exact nonperturbative charge–flux law for quasi-local dynamical black-hole
horizons that can be arbitrarily far from equilibrium [43]. Their preferred equilibrium projection assigns each marginal
cut the Kerr surface gravity κ̄(A, J). In their geometric units the phase-space charge is QPS = κ̄A/(8πG) and obeys

∆QPS = F(ξ)
gws + F

(ξ)
matt. (170)

Restoring acceleration units and defining

LAPS = c2

κ̄
, UAPS = Ac2κ̄

8πG
, F APS

L = Aκ̄2

8πG
, (171)

gives the exact acceleration-length representation

∆UAPS =
∫︂ S2

S1

(︁
Π∂ dA − F APS

L dLAPS
)︁

= E(ξ)
gws + E

(ξ)
matt. (172)
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APS supply the second equality; the first is the present source representation. Matter and gravitational fluxes do not
separately map onto the area and scale legs.

In the nonrotating sector the equilibrium projection is Schwarzschild:

κ̄ = c2

2R
, LAPS = 2R, UAPS = c4R

4G
, F APS

L = c4

8G
. (173)

The force is exactly constant. Consequently the finite physical-process law becomes

E(ξ)
gws + E

(ξ)
matt = ∆UAPS = F APS

L ∆LAPS. (174)

This is a finite charge–flux law expressed in the projected acceleration length. It does not identify that length with a
proper material displacement during the dynamical process.

APS normalize the nonrotating horizon mass as EDH = 2UAPS. Since UAPS = TprojS = F APS
L LAPS on every

projected cut, with Tproj = ℏκ̄/(2πkBc),

∆(TprojS) = ∆(FLL) = ∆UAPS = 1
2∆EDH. (175)

The two projected Euler products have the same finite change because both equal UAPS. The nontrivial additional result
is that APS relate this charge change to finite matter and gravitational fluxes. This does not establish independent
energy reservoirs, assign either product to one flux carrier, or imply a KMS state during arbitrary evolution. Tproj is
the temperature parameter of the preferred equilibrium projection.

For rotating cuts, A, J , κ̄, and Ω̄ are linked by the Kerr projection and the rotational channel must be retained.
The constant-force simplification is specific to the nonrotating four-dimensional sector.

VIII. STATIONARY WALD-ENTROPY AND HIGHER-CURVATURE EXTENSION

The acceleration-length idea has a clean stationary extension, but two notions must be separated: the universal
SW δT channel and the specific membrane pressure of a higher-curvature theory.

Chakraborty and Padmanabhan establish complementary thermal variations with sector- and normalization-
dependent factors [44]. In their v2, static Eqs. (69)–(70) use mU ; the restricted generic-null Eqs. (84)–(85) have
1/m for the unrescaled mth-order surface term. These statements do not supply an unqualified higher-curvature
null-boundary theorem. The following stationary lift is the algebraic response of the specified thermodynamic SW dT
channel. Holding Wald entropy fixed and using T = ℏc/(2πkBLκ) gives

SW dT = −F
(W )
L dLκ, F

(W )
L = TSW

Lκ
, P

(W )
L,SdT = F

(W )
L

A
= ℏc

2πkBL2
κ

sW , (176)

where sW = SW /A. For Einstein gravity, sW = kB/(4ℓ2
P) and Eq. (176) reduces exactly to κ2/(8πG).

The membrane pressure in a pure mth-order Lanczos–Lovelock theory has an additional theory- and dimension-
dependent factor. Kolekar and Kothawala found, for the isotropic horizon sector with maximally symmetric spatial
cuts used in their derivation,

Π(m)
∂ A

T
= D − 2m

D − 2 S
(m)
W . (177)

At fixed Wald entropy density and couplings, its acceleration-length susceptibility is therefore

P
(m)
L,mem = −

(︄
∂Π(m)

∂

∂Lκ

)︄
sW

= D − 2m

D − 2
ℏc

2πkBL2
κ

s
(m)
W . (178)

For a sum of Lovelock densities, the corresponding stationary membrane response is the sum of the weighted entropy
densities. Einstein gravity is the m = 1 case and the factor equals one. In the critical dimension D = 2m, the
pure Lovelock term is topological: it can contribute a global Wald entropy while its local membrane pressure factor
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vanishes. This is a separate critical-dimension limiting observation, not an extension of the membrane source’s proved
non-topological range [45].

The distinction between Eqs. (176) and (178) is important. The first is the response of the thermodynamic SW δT
channel. The second is the derivative of the actual Lanczos–Lovelock membrane pressure. They coincide in Einstein
gravity but not universally in higher-curvature theories. Moreover, fixed area need not mean fixed Wald entropy. Along
a physical family for which SW changes with Lκ,

−d(TSW )
dLκ

= TSW

Lκ
− T

dSW

dLκ
, (179)

so the second term belongs to the entropy/area sector rather than the fixed-entropy scale response.
For stationary f(R) gravity with fR effectively constant over the source variation, sW = fRkB/(4ℓ2

P) and the
Wald-channel result becomes

P
f(R)
L,SdT = fR

κ2

8πG
. (180)

Generic variations of fR and generic dynamical higher-curvature horizons add derivative and non-Newtonian membrane
terms. A complete covariant null-source proof in those theories remains separate work. The result established here is
the stationary Wald-channel lift and its precise relation to the known Lovelock membrane equation of state.

IX. GENERALITY, ANTECEDENTS, AND INTRINSIC SIGNIFICANCE

A. Common potential, canonical scope, and physical realizations

Horizon boundary mechanics names the mechanics of the specified Einstein horizon boundary potential. It does
not assert a complete theory of every boundary response. The same potential and normal-rate prescription give the
same mechanical normal form; canonical support, physical displacement, and geometric work retain their boundary
conditions.

The covariant realization has three levels:
1. The generic covariant Einstein null scalar source is µ = ˆ︁κ + θ/2.

2. On a clock-fixed non-expanding null sector, µ = ˆ︁κ and the branchwise coordinate change to Ls = 1/ˆ︁κ gives the
exact Hamilton–Jacobi response PL = κ2/(8πG).

3. In other sectors, an independently established normal-rate prescription and parent Aκ potential can support the
same algebra, but not automatically the same reduced canonical theorem.

Squaring removes the orientation sign, not the clock dependence. Extremal or trace-boundary points with κ = 0 must
be described in the regular parent rate rather than the reciprocal chart.

The pullback and normal-balance results sharpen the physical hierarchy. The generic source µ is the broadest
null variable. The linear surface pressure/tension Π∂ appears directly in tangential and normal screen equations.
The quadratic PL is the normal susceptibility of that stress with respect to the mechanically privileged acceleration
length. It is not more general than µ, but it is more directly analogous to ordinary three-dimensional pressure because
it is force per area conjugate to the selected normal length. Its conversion to geometric volume work requires the
corresponding displacement dictionary.

In D spacetime dimensions, if a spherical sector has A ∝ RD−2 and Lκ ∝ R, then

FL = APL ∝ RD−4. (181)

The scale-independent force is therefore special to four spacetime dimensions. This dimensional fact is independent of
the numerical normalization selected in a particular sector.

B. Compact theorem and canonical certification

The compact acceleration-length derivation and the full covariant analysis carry different kinds of information.
Within the inherited standard horizon-mechanics sector, the established stress first fixes κEΠ∂ = κ/c2 = 1/Ls. The
potential and its short differential chain

U∂(A, Ls) = Ac4

8πGLs
, dU∂ = U∂

A
dA − U∂

Ls
dLs (182)
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is already a self-contained conditional theorem. Its derivatives give Π∂ , FL = (U∂/c2)κ, PL = FL/A, and the pressure-
work form; Rindler, Schwarzschild, and Cai–Kim FRW then follow after their standard sector dictionaries are supplied.
The clock, generator normalization, relational cut, and non-expanding or equilibrium assumptions are inherited from
the same horizon mechanics that defines the parent potential, membrane stress, and Hawking temperature.

The role of the full construction is canonical grounding rather than algebraic completion. In the stated null-boundary
sector it acts as a proof certificate for the compact result: it derives the admissible source variation from the mixed
null symplectic potential, reproduces the same force from the complementary area–boost corner action, and records
the clock, gauge, sign, zero-surface-gravity, integrability, prescription, and dynamical limits. Some extensions are
strongly generated by the compact normal form, while others–notably the off-family integrability obstruction, finite
APS support, and higher-curvature distinctions–supply additional information rather than merely expanding the chain
rule.

This separation is useful conceptually. The structural insight is the identification of acceleration length as the normal
mechanical coordinate of the Aκ boundary potential. The formal analysis shows exactly how that insight is realized by
general relativity, where it is inherited from standard horizon mechanics, and where it cannot be extended without
further input.

C. Relation to prior work

The ingredients on which the construction rests are established: area–boost conjugacy; local near-horizon A/ℓ
energy; the Aκ Kodama–Noether charge; the TδS + SδT surface-term split; the null scalar pair and mixed boundary
conditions; the Damour–Navier–Stokes membrane pressure; Freidel and Yokokura’s Young–Laplace screen equation;
Hayward’s unified first law; the Cai–Kim apparent-horizon construction; and the APS finite dynamical charge–flux
theorem [11–13, 16–20, 24, 25, 28, 37, 38, 43].

The novelty claim concerns the new length-conjugate force and normal-scale pressure obtained from this established
boundary structure, together with their specified action response and geometric work interpretation. Recognizing the
normalized work length turns the rate response into −FL dLs and identifies PL = FL/A. The Aκ potential and the
S dT channel are the inputs; they are not being relabeled as discoveries. The proposed contribution comprises:

1. the action and corner derivations of PL = κ2/(8πG) and FL = APL;

2. the direct pressure-work form −PLϑ
(δ)
V ;

3. the signed pullback relation DAΠ∂ = −PLDALs (equivalently DA|Π∂ | = −PLDALκ) and the normal balance
∆p − PLLsH = 0;

4. the mechanical–thermal bridge laws PL ∝ L−2
κ and T ∝ L−1

κ , together with the exact inverse-energy/entropy
relations kBT/FL = λ̄∂/(2π) = Lκ/NS and S/kB = 2πLκ/λ̄∂ ;

5. the Schwarzschild Euler–Smarr identities and radius-work realization;

6. the positive Cai–Kim FRW screen pressure and compact first law;

7. the integrability criterion; supporting response functions are in Appendix D; and

8. the nonrotating APS finite constant-force flux law and the stationary Wald-entropy lift.

The contribution belongs to the same scientific archetype as the membrane reformulation of horizon dynamics,
Iyer–Wald’s Noether-charge organization, Jacobson’s equation-of-state derivation, Hayward’s unified first law, Pad-
manabhan’s horizon thermodynamic identity, Cai–Kim’s FRW construction, and the Frodden–Ghosh–Perez local first
law: established gravity can support new identifications of thermodynamic or mechanical quantities and relationships
without changing its equations [10, 18, 21, 37–39]. The comparison concerns contribution type: explanatory and
mechanical content need not change the underlying field equations. Historical reach and priority are separate questions.
In particular, Padmanabhan’s pr dV is genuine matter-pressure work in a horizon field-equation identity. Here the
coefficient is the response of the specified boundary potential; for vacuum Schwarzschild that scale-work term is nonzero
even though the matter radial pressure vanishes. Frodden–Ghosh–Perez already supply local inverse-distance energy,
with observer distance held fixed in their area law. The present comparison admits the prescribed scale variation and
retains each sector’s clock. These are differences of potential, variation, and response, not dismissals of the established
macroscopic interpretations.
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a. Ong’s Schwarzschild pressure comparison. Ong’s 2023 maximum-force treatment uses a shell volume Vshell =
4πR2ϵ and obtains the thermodynamic energy E = M/2 = TS in G = c = 1 units, with M the ADM mass [57].
Section IV, Eqs. (10)–(16), gives the adopted pressure P = 1/(32πRϵ) with ϵ fixed in the displayed radius derivative.
The paragraph before Section V also gives the spherical alternative P = 1/(16πR2), but does not adopt it because it
conflicts with that construction’s chosen Smarr expression. The shell pressure is not generally one half of the spherical
one.

These are relevant special-case antecedents. Here U = Mc2/2 is the specified boundary potential while total mass
energy remains Mc2; the radial response follows from the normalized length and requires neither a shell thickness
nor a maximum-force premise. Our spherical comparison is PRV = U/3 and U = 2ΠA − FLL = 2TS − 3PRV , using
spherical scaling, not independent area/volume variations. Matching a formula does not establish equivalence of the
energy, variation or cross-horizon construction; declining its interpretation does not erase the published antecedent.
The matching c4/(4G) scale alone proves no universal force bound.

To our knowledge, the cited treatments do not develop the same normalized acceleration-length force and pressure
construction with the source prescription and geometric work dictionary given here. This is the specific novelty claim
to assess, rather than the existence of the parent differential or of radial work in general. The formulas’ dependence on
established inputs does not imply that the proposed response identification had already been developed; conversely, an
absence of a known equivalent is not a proof of exhaustive historical priority.

D. Questions of interpretation and explanatory significance

a. Does a known differential eliminate the contribution? No. The established rate response and its thermal
interpretation specify the structure from which the new force and pressure are identified. The claim is the displacement-
adapted response, its action role, and the common geometric work description. Mathematical equivalence to the rate
form is necessary for consistency, not evidence that the same mechanical identification was already developed. It also
means that the change of variable alone supplies no new field equation or physical degree of freedom.

b. Why this work coordinate? The length-selection argument in Sec. II specifies its class: lengths built only from
c and the prescribed nonzero κ, normalized by Rindler distance. It does not exclude equally valid coordinates with
transformed coefficients. The useful diagnostic is the full spherical conversion,

FL dLs = U∂

R
dR + U∂ d ln |αR|, αR = Ls/R.

Schwarzschild and the equilibrium FRW screen fix αR to two and one. A changing ratio requires the second contribution.
Its signed Hayward-FRW realization is the equation-of-state term already derived in Sec. VI. This tests the adequacy
of radius-only bookkeeping; it is not independent empirical confirmation of the parent potential. Rindler retains a
planar cut and a normal separation, not a spherical radius.

c. Do different canonical and cosmological inputs defeat unity? The common result is a boundary-potential state
law. The selected nonexpanding-null source theorem and the Einstein–Misner–Sharp plus equilibrium-rate FRW
realization establish different statements about that law. Their coexistence is consistent, but the former cannot be
silently applied to an arbitrary moving FRW tube. Likewise, changing from the equilibrium to the Hayward rate
changes the potential and the allocation of work. The full dynamical source-matching problem remains the distinct
problem identified in the moving-screen appendix.

d. What is fixed when force is defined? The physical evolution and clock, action and boundary prescription,
cuts, and remaining controlled sources are specified. The length response compares nearby admitted boundary-value
problems. A constant physical clock rescaling changes the normalized response in the known way; changing a source-
dependent boundary term can shift the response itself. Neither operation is the same as a coordinate reexpression
within one prescription. The claim is a definite response in that prescription, not an invariant pressure assigned to an
unnormalized cut.

e. What can explanation establish without new predictions? A formulation can identify new useful response
quantities, relate previously separate energy accounts, and clarify when one work coordinate is adequate, while
remaining equivalent to established gravity. Those are the aims here. The identities FL = U∂/Ls, FL = M∂κ, and
PL = FL/A share their inputs and must not be counted as independent tests. The comparative value is the common
prescription and geometric work interpretation, not a collection of algebraically equivalent confirmations. Claims of
empirical deviations would require additional dynamics and evidence not supplied here.

f. Which extensions are established, and which are interpretation? The stationary Wald-channel lift in Sec. VIII
is an explicit conditional extension; the complete moving-boundary matching problem remains separate. Exact source
susceptibilities, additional cosmological comparisons, and an imported inflationary spectrum are distinguished in
Appendices D–F. Appendix G preserves the proposed kinetic/potential and quantum-phase readings without asserting
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a separate derivation of those interpretations. Appendix H records conditional scale alignments, not quantum-gravity
predictions. These appendices are not premises of the main mechanical result.

The author dates the first public positive FRW screen-work result to May 10, 2025, with the corresponding record:
https://x.com/JTT329/status/1921341959009902709. The acceleration-length formulation is dated June 2026 in
the author’s chronology; this manuscript contains subsequent refinements. These dates identify the stated milestones,
not a proof that every later result was in the initial disclosure. Kong’s distinct effective-pressure preprint was first
submitted on July 23, 2025 [41]; its negative volume-slope convention is compared with the positive screen response in
Sec. VI. The inflationary relations in Appendix F are separate consequences obtained by importing the established
tensor spectrum, whose inverse-entropy scaling is not claimed as new.

X. CONCLUSION

Recognizing acceleration length as a geometrically normalized work coordinate of the established Einstein boundary
potential identifies a new generalized boundary force and its normal-scale pressure:

U∂ = Ac4

8πGLs
, dU∂ = Π∂ dA − FL dLs, FL = U∂

Ls
, PL = FL

A
= κ2

8πG
. (183)

The contribution is this response identification and its geometric work interpretation, rather than the established
potential or its product-rule differential. The null scalar source reduces to surface gravity on the prescribed nonexpanding
sector. Its mixed action response and stationary corner representation provide the action-level support, with the
clock, cuts, boundary terms, and permitted variations retained. The common length is selected within the stated class
of geometric lengths by Rindler distance normalization; other coordinates remain valid with transformed conjugate
coefficients.

For Rindler, Lκ is a normal observer–horizon separation and the planar patch area is independent. In Schwarzschild,
Lκ = 2RH , so

FL dLκ = Mκ dRH = PR dVH , PR = 2PL. (184)

Both area and radius contributions describe the same changing horizon sphere. The potential is U∂ = Mc2/2; its law
leaves d(Mc2) = T dS unchanged and gives the mechanical Smarr form Mc2 = TS + FLLκ. The products TS and
FLLκ coincide, while their conjugate derivatives distinguish area and scale responses.

The separately calibrated equilibrium FRW screen has Lκ = RA and U∂ = EA, yielding

Pscr = ρ

3 , dEA = TCK dSA − Pscr dVA. (185)

This state law and the pressure representation of the Friedmann system retain the Einstein–Misner–Sharp constraint
and the chosen equilibrium rate. They are not a replacement for the matter-crossing flux law or an unrestricted
moving-boundary canonical theorem. The Hayward realization has its own signed radial coefficient P H

R , distinct
from P H

L and W . The on-shell reconstruction ρ = 3Pscr, pm = Pscr + 4P H
R connects the two responses to the bulk

source and, in flat expanding FRW, its horizon’s causal history. It is neither a new material equation of state nor
a moving-boundary canonical theorem. For a general spherical scale ratio αR = Ls/R, the complete conversion is
FL dLs = (U∂/R) dR + U∂ d ln |αR|; the pure radius-work form therefore requires the specified fixed-ratio family.

The membrane pullback and matched normal-balance equation connect the new response to established force-balance
structure. Integrability, finite dynamical-charge comparisons, and the stationary Wald-entropy extension retain
their stated hypotheses. Thermal identification is additional to the mechanics and gives U∂ = TS and the exact
inverse-energy/entropy relations. The supporting appendices separate source derivatives and applications with extra
inputs from optional kinetic/potential, phase, and Planck-scale interpretations. None is needed to establish the central
result: one boundary potential, surface stress paired with area change, and force paired with a geometrically identified
horizon-scale change.

Appendix A: Signed and positive acceleration length

The canonical derivation uses the signed source Ls = c2/κ. On a fixed-sign branch define

σ ≡ sgn(κ), Lκ = c2

|κ|
= |Ls|, Ls = σLκ. (A1)

https://x.com/JTT329/status/1921341959009902709
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The signed boundary potential and surface stress are then

U∂ = σ
Ac4

8πGLκ
, Π∂ = PLLs = σPLLκ, |Π∂ | = PLLκ. (A2)

Their spatial derivatives obey

DAΠ∂ = −PLDALs = −σPLDALκ, DA|Π∂ | = −PLDALκ, (A3)

and the source work form becomes

Θ(0)
L = −σ

∫︂
dτ

∫︂
S

ϵS PLδLκ. (A4)

PL and all positive magnitudes are orientation independent, while the signed stress and work one-form carry σ. This is
why the surface stress changes sign while the pressure does not: orientation reversal changes both Π∂ and Ls, leaving
the signed ratio Π∂/Ls = PL invariant. With the positive length one instead writes |Π∂ |/Lκ = PL. Neither reciprocal
coordinate covers κ = 0.

Appendix B: FRW rate identities

Einstein’s equations in the conventions of Eq. (119) are

H2 + kc2

a2 = 8πG

3c2 ρ, (B1)

Ḣ − kc2

a2 = −4πG

c2 (ρ + pm), (B2)

ρ̇ + 3H(ρ + pm) = 0. (B3)

Differentiating Eq. (120) gives

ṘA = 4πG

c4 HR3
A(ρ + pm), (B4)

and hence

ṘA

2HRA
= 2πGR2

A

c4 (ρ + pm) = 3
4(1 + w), (B5)

proving Eq. (143) for arbitrary k where H ̸= 0. At H = 0 the regular non-ratio expressions in the main text apply.
The spherical surface-gravity identity

κs
H = GEA

c2R2
A

− 4πGRA

c2 W (B6)

immediately gives Eq. (149); differentiating it and using Eq. (151) gives Eq. (152).

Appendix C: Timelike spherical boundary comparison and unresolved horizon matching

This appendix preserves a separate boundary-action investigation; it is not part of the principal horizon-pressure
claim. The calculation below establishes a local Hamilton–Jacobi identity for one specified spherical timelike mixed
ensemble, with the stated matter, clock, and endpoint conditions. It does not establish that this ensemble’s response
is the full canonical response to the original Hayward or Cai–Kim acceleration length on an independently moving
horizon. An explicit FRW comparison gives different rates. The general matching problem remains open. Throughout
this appendix set c = 1.
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1. Action, matter, clock, and endpoint conditions

Let B be a smooth timelike spherical worldtube with induced metric

γijdyidyj = −N2
B(t)dt2 + R2

B(t)dΩ2, AB = 4πR2
B . (C1)

Its embedding may vary. Take Einstein gravity with minimally coupled scalar matter, the unreferenced Gibbons–
Hawking–York term on B, the corresponding cap terms, and the standard oriented joint terms:

ID = 1
16πG

∫︂
M

Rϵ + Iϕ + 1
8πG

∫︂
B

KϵB + Icaps + Ijoints. (C2)

For example, Iϕ = −
∫︁

[(∇ϕ)2/2+V (ϕ)]ϵ. There is no reference subtraction or additional source-dependent counterterm.
Fix the pulled-back scalar boundary values and take local variations compactly supported away from the caps and their
joints. The joint terms are included; their endpoint variations then vanish. If endpoints are varied, their area–boost
contributions must be restored. No assertion of vanishing matter energy flux is made.

For embedding displacement χa, write δX for variation of the pullback to a fixed reference boundary. Thus
δXϕ = X∗(δϕ + Lχϕ) = 0 is the matter condition, not δϕ = 0 at a fixed spacetime point. Normal motion contributes
2χ⊥Kij to δXγij in addition to the metric and tangential-reparameterization terms. It is included in the metric
variation, not discarded by identifying the boundaries.

Use outward normal na, Kij = γi
aγj

b∇anb, and the unreferenced boundary stress

τ ij = Kγij − Kij

8πG
. (C3)

The established on-shell action variation, including nonorthogonal boundary geometry, gives [59, 60]

δID

⃓⃓
B = 1

2

∫︂
B

ϵBτ ijδXγij =
∫︂

dt [−EBδXNB + NBpBδXAB ] . (C4)

Here EB = ABτijuiuj and pB is the isotropic surface stress, with force-per-length units after restoring c. Matter source
variations vanish by the stated Dirichlet condition. Spherical symmetry removes tangential momentum and shear
responses. The moving region may equivalently be pulled back to a fixed reference region; diffeomorphism covariance
then includes the embedding variation in the pulled-back fields. The bulk field equations and constraints are used, so
there is no additional independent on-shell shape term omitted from Eq. (C4) under these conditions.

2. The area-mixed action and its exact source response

Choose the boundary Legendre transform and define a rescaled surface-stress source

IM = ID −
∫︂

dt NBABpB , ζB = −8πGNBpB . (C5)

This is a spherical area-mixed polarization with a separate clock source; it is not an identification with the full
three-dimensional York conformal ensemble. Before introducing ζB , the variation is

δIM

⃓⃓
B =

∫︂
dt[−EBδXNB − ABδX(NBpB)]. (C6)

The first term comes from varying the boundary lapse, whose conjugate is the Brown–York energy in this source
convention. The second is the surface-stress source obtained by exchanging area for its conjugate. Thus the displayed
coefficient AB/(8πG) in the next equation partly reflects the definition ζB = −8πGNBpB . It is not, by itself, evidence
that ζB is a horizon surface gravity. Brown–York boundary variation is established; this particular spherical Legendre
transform and source normalization are choices made here for the comparison. Direct substitution gives

δIM

⃓⃓
B =

∫︂
dt

[︃
−EBδXNB + AB

8πG
δXζB

]︃
. (C7)
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On a branch ζB ̸= 0, let LB = 1/ζB . Then

δIM

⃓⃓
B =

∫︂
dt [−EBδXNB − FBδXLB ] , FB = ABζ2

B

8πG
. (C8)

With the boundary clock NB fixed, this is the complete local Hamilton–Jacobi boundary variation for the speci-
fied spherical ensemble and matter/endpoint conditions, wherever the on-shell action is defined. The response is
−(δIM,os/δLB)NB ,ϕ = FB and its force per area is PB = ζ2

B/(8πG). As in the null theorem, source variations compare
nearby boundary-value problems; conservative variations within one problem fix the selected sources. This variational
identity does not assert existence or uniqueness of every initial-boundary value problem.

The surface stress is determined geometrically. Put

an = naub∇bua, bB = na∇aRB

RB
. (C9)

The spherical extrinsic-curvature eigenvalues give

EB = −ABbB

4πG
, pB = an + bB

8πG
, ζB = −NB(an + bB). (C10)

The factor 8πG in ζB removes the Einstein normalization, NB converts the local stress contribution to the selected
time normalization, and the minus sign records the chosen mixed-source orientation. This normalization makes
the comparison transparent but does not by itself identify a horizon rate. The geometric eigenvalues provide the
independent content: an is the normal acceleration of the timelike observers, and bB measures normal transverse-size
change per radius. The broader source is therefore a clock-weighted extrinsic boundary-stress rate, not surface gravity
by definition.

The rescaled source therefore includes both normal acceleration and cut extrinsic curvature. It is not a priori
a horizon surface gravity. Writing κB = c2ζB would restore acceleration units and give PB = κ2

B/(8πG) in the
corresponding clock convention, but would not supply the missing geometric identification.

In the language of the main paper, one can also form the auxiliary state function UB = ABζB/(8πG) and
ΠB = ζB/(8πG) = −NBpB . Its differential is

dUB = ΠB dAB − FB dLB . (C11)

This exact algebraic identity is distinct from the action variation: UB is not generally the Brown–York energy EB , the
Misner–Sharp energy, or the horizon potential U∂ for a prescribed κs

H or κCK. Likewise, LB = 1/ζB is a reciprocal
boundary-stress coordinate, not an independently measured proper displacement. It agrees with the original c2/κ
only where the chosen geometry, orientation, and clock establish that ζB = κ/c2. No replacement of the main paper’s
definition of acceleration length is proposed.

3. Explicit flat-FRW moving-screen check

In cosmic-time/areal-radius coordinates, use

ds2 = −(1 − H2R2)dt2 − 2HR dt dR + dR2 + R2dΩ2. (C12)

For an arbitrary timelike embedding R = RB(t), define its velocity relative to the comoving flow and its lapse by

v = ṘB − HRB , NB =
√︁

1 − v2, γv = (1 − v2)−1/2. (C13)

The comoving orthonormal frame gives

an = γ3
v v̇ + γvHv, bB = γv(1 + HRBv)

RB
. (C14)

Substitution in Eq. (C10) yields the exact source

ζB = −
[︃

v̇

1 − v2 + 2Hv + 1
RB

]︃
. (C15)
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On the timelike part of the actual apparent horizon, RA = 1/H, put q = ṘA = −Ḣ/H2. Then v = q −1 and 0 < q < 2,
so

ζB = 1 − 2q

RA
− q̇

q(2 − q) , κCK = 1
RA

, κs
H = q/2 − 1

RA
. (C16)

For an Einstein–FRW background q = 3(1 + w)/2. A homogeneous scalar can realize a background with constant
w = 0; then

ζB = − 2
RA

, κCK = 1
RA

, κs
H = − 1

4RA
. (C17)

For these dust observers, the separate contributions are NBan = 1/(2RA) and NBbB = 3/(2RA). Removing the bB

contribution from the bracket leaves −NBan = −1/(2RA), neither desired rate. Holding that contribution fixed must
be justified in an admitted variation; its contribution cannot be dropped merely to rename the remaining acceleration
surface gravity. This is a result for the selected ensemble, alongside the positive restricted charge comparisons below,
not a universal obstruction.

An orientation reversal changes the sign of ζB , not its magnitude. This is an explicit demonstration that the natural
rate of this specified timelike mixed action differs from both cosmological rates. It is not a disproof of the separate
Cai–Kim screen identity or the HMA Noether potential, nor a no-go theorem for every possible boundary ensemble.
The endpoints q = 0, 2 are null and require a limit or a null action; the timelike expression must not be used there
without qualification.

The inclusion of normal motion can be checked directly at the action level. For a homogeneous minimally coupled
scalar on an Einstein–FRW solution, p = −(2Ḣ + 3H2)/(8πG). Integrating the full on-shell Einstein-plus-scalar bulk
action inside RB(t) and adding the timelike GHY term gives, up to the fixed cap and joint terms,

ID = 1
G

∫︂
dt

{︃
R3

B

6 (Ḣ + 3H2) + R2
B

2

[︃
v̇

1 − v2 + 3Hv + 2
RB

]︃}︃
. (C18)

Vary RB(t) at fixed background and with compact time support; the pulled-back scalar values are fixed because the
scalar is homogeneous. The resulting Euler–Lagrange shape variation agrees identically with Eq. (C4), including
δXv = δṘB − HδRB and the induced lapse variation. This checks the embedding contribution using the complete
bulk and boundary action, not only a change of thermodynamic coordinates.

For a stationary metric ds2 = −f(r)dt2 + dr2/f(r) + r2dΩ2, the inner-boundary orientation gives ζB = f ′/2 + f/r.
At a nonextremal horizon its limit is f ′(RH)/2, the Killing surface gravity in the selected time normalization. This
establishes the stationary Schwarzschild limit in that orientation and clock normalization; it does not establish generic
cosmological matching. For a de Sitter static patch, the outer-boundary orientation instead gives ζB = −f ′/2 − f/r,
tending to +1/RH when f = 1 − r2/R2

H . This equals the positive Cai–Kim magnitude and the magnitude of the
signed Hayward rate. The latter is −1/RH in the cosmological convention, so comparison of signed rates also requires
matching orientation. These are limits of stationary stretched boundaries, not evaluations of Eq. (C16) at its null
endpoint q = 0.

4. Relation to the FRW gravitational surface charges

A complementary calculation keeps the Einstein–Hilbert charge prescription instead of changing the boundary
ensemble. In flat FRW, with K = ∂t, fixed areal cut, and variations δH(t), the Einstein potential and Noether charge
give ∫︂

S

QK = − R3

4G
(Ḣ + 2H2), (C19)∫︂

S

ιKθEH = − R3

4G
(δḢ + 8HδH), (C20)∫︂

S

(δQK − ιKθEH) = HR3

G
δH = δEMS

⃓⃓
R

. (C21)

For X = ∂t + z(t)∂R, with the displayed radial extension, the adjusted charge is∫︂
S

(δQX − QδX − ιXθEH) = R2

2G
(2HR − z)δH. (C22)



43

Evaluating on RA = 1/H, setting z = ṘA, and restricting to δH = −δRA/R2
A gives κs

HδA/(8πG). These are restricted
gravitational surface-charge identities, not replacements for the full timelike action variation above. They identify
precisely where the Misner–Sharp energy and Hayward area coefficient enter.

Spatial curvature also matters for this charge prescription. With b = k/a2, D = 1 − bR2 > 0, ḃ = −2Hb, and
K =

√
D ∂t, the same fixed-cut gravitational calculation gives∫︂

S

(δQK − QδK − ιKθEH) = δ

[︃
R3(H2 + b)

2G

]︃
R

+ R5(b − Ḣ)
8GD

δb. (C23)

No cancellation of the extra term by matter or other boundary choices is claimed. The all-curvature HMA and
constrained-screen identities in the main text are unaffected.

This result also clarifies the relation to the stretched-Carrollian potential of Freidel and Jai-akson, whose scalar sector
retains clock, area, and stretching responses even in spherical symmetry [61]. Here the clock response is displayed in
Eq. (C7); the timelike metric packages the stretching and motion into NB, an, and bB. Their more general source
space has not been identified with a single Hayward-rate variation. Establishing that identification would require the
corresponding action, rigging, and source restrictions explicitly.

The established result of this appendix is the displayed local variational identity for the chosen ensemble, together
with the explicit action and surface-charge checks. The unresolved step is a canonical calculation for the intended
physical horizon prescription whose complete response can be identified with the original κs

H or κCK while all other
sources and embedding contributions are treated consistently. The unequal rates above prevent that identification
for this ensemble on a generic FRW screen; they are not a no-go theorem for other ensembles. No new universal
acceleration length or horizon-pressure law is claimed here.

Appendix D: Supporting response functions

Status: exact source-space derivatives. These calculations follow from the same potential under the fixed-variable
conditions stated below. They are supporting consequences, not separate empirical confirmations or a material stability
theory.

1. Compliance, modulus, and source-space Hessian

The inverse pressure derivative defines a source compliance. At fixed transverse area,

V∂ = ALκ, PL = c4

8πGL2
κ

= c4A2

8πGV2
∂

. (D1)

Therefore (︃
∂V∂

∂PL

)︃
A

= − V∂

2PL
. (D2)

The associated scale compressibility and bulk modulus are

χ
(A)
L ≡ − 1

V∂

(︃
∂V∂

∂PL

)︃
A

= 1
2PL

, B
(A)
L ≡ −V∂

(︃
∂PL

∂V∂

)︃
A

= 2PL. (D3)

The positive modulus means that increasing the normal scale lowers its conjugate pressure at fixed area. It is a
source susceptibility; a restoring motion or stability criterion additionally requires a load, an equation of motion, and
boundary conditions.

Using Eq. (72),

PL(T ) = πc2k2
B

2Gℏ2 T 2,
dPL

dT
= 2PL

T
, (D4)

and at fixed area

V∂T = Aℏc

2πkB
, α

(A)
L ≡ 1

V∂

(︃
∂V∂

∂T

)︃
A

= − 1
T

. (D5)
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These are response functions of the acceleration-length representation.
The Hessian of U∂ = TGA/Lκ on the extended source space is

∂2U∂

∂(A, Lκ)2 =
(︃

0 −PL

−PL 2FL/Lκ

)︃
, det = −P 2

L < 0. (D6)

The potential is a saddle if A and Lκ are treated as independent sources. This is not by itself a dynamical instability
because the variables define a boundary ensemble, not an unconstrained material state space. The positive fixed-area
modulus in Eq. (D3) is the relevant local scale response.

Appendix E: Additional cosmological comparisons and their limits

Status: derived identities with separately tested interpretations. These formulas re-express the Einstein–FRW
equations using the screen variables. They are not new cosmological dynamics. In particular, an energy-per-area
packaging does not establish a physical surface layer; the negative operational tests below are part of the result, not
optional qualifications that can be dropped when quoting it.

1. Ricci-trace surface density

The dependence of the FRW Kodama–Hayward rate and temperature on ρ − 3pm, together with the radiation
threshold pm = ρ/3, is established in the apparent-horizon literature [40]. The additional step here is to package that
trace combination as a signed surface density. Define

Etr ≡ (ρ − 3pm)VA, Mtr ≡ Etr

c2 , Σtr ≡ Mtr

AA
. (E1)

Etr is an integrated signed stress–energy trace; it is not generally a conserved material energy or a positive rest mass.
Using VA/AA = RA/3 and κCK = c2/RA gives

Σtr = (ρ − 3pm)RA

3c2 = Pscr − pm

κCK
, κs

H = −2πGΣtr = −GMtr

2R2
A

. (E2)

The exact statement is that the signed Hayward cross-focusing rate is determined by the bulk Ricci-trace mass
equivalent per horizon area. Where a Hayward temperature is meaningful,

kBTH = ℏ|κs
H |

2πc
= ℏG

c
|Σtr|. (E3)

Faraoni’s temperature formula already contains this result in the unpackaged form RA(ρ − 3pm); Eq. (E2) is therefore
a compact boundary-density representation rather than a new dynamical equation.

A complementary active surface density is

Σact ≡ (ρ + 3pm)VA

c2AA
= Pscr + pm

κCK
,

ä

a
RA = −4πGΣact. (E4)

The pair separates two familiar projections of Einstein’s equation: ρ + 3pm controls timelike relative acceleration,
whereas ρ − 3pm controls the Ricci trace and FRW Hayward cross-focusing. The third combination ρ + pm = 3Pscr + pm
controls null energy flux and the evolution of RA.

The broader four-dimensional spherical Hayward identity in Eq. (168) can itself be written as

κs
H = 4πG(ΣE − ΣW ), ΣE ≡ E

Ac2 , ΣW ≡ RW

c2 . (E5)

FRW homogeneity gives ΣE − ΣW = −Σtr/2. The trace form is not the general spherical law: in Vaidya null dust
W = 0 and the matter trace vanishes while κH = GE/(c2R2) remains nonzero; in inhomogeneous dust the first term
contains the average Misner–Sharp density while the work term contains local matter data. Homogeneity is what
turns the general surface-density balance into the simple Ricci-trace density.

The coefficient 2πG is the same numerical conversion that gives the one-sided Newtonian field of an ideal plane, or
the mean self-field of a thin spherical shell. No distributional shell is present in smooth FRW, so this is a mass-sheet
form rather than a demonstrated mass sheet.
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2. Quintessence in screen-pressure variables

Because Pscr = ρ/3, accelerated expansion is the pressure inequality pm < −Pscr. If a canonical scalar field dominates,
let Kϕ and Vϕ denote its kinetic and potential energy densities, so ρϕ = Kϕ + Vϕ and pϕ = Kϕ − Vϕ; the acceleration
condition becomes Vϕ > 2Kϕ. The canonical accelerating-quintessence range −1 < wϕ < −1/3 is equivalently

−3Pscr < pϕ < −Pscr, RA < |Ls
H | < 2RA,

1
4Pscr < P H

L < Pscr. (E6)

The cosmological-constant limit has |Ls
H | = RA and P H

L = Pscr, while the coasting limit has |Ls
H | = 2RA and

P H
L = Pscr/4.

3. Operational audit of the trace-surface-density interpretation

a. Published membrane and Brown–York tests. A direct FLRW membrane construction by Wang uses a generator
for which gH = H and, in units c = 1, obtains at the apparent horizon

ρH = 0, ˜︁pH = H

8πG
. (E7)

The result is an oblique, generator-dependent membrane, and its surface energy density is not Σtr [50]. The Brown–York
analysis of Oltean, Bazrafshan Moghaddam, and Epp likewise gives for rigid FLRW spheres a quasilocal energy density
proportional to γ−1, which tends to zero as the rigid worldtube approaches the apparent horizon [51]. If the flat-space
vacuum term is subtracted, the limiting mass per area is instead c2/(4πGRA), independent of w, whereas

Σtr = (1 − 3w) c2

8πGRA
. (E8)

The two agree only accidentally at w = −1/3. These established quasilocal constructions therefore do not identify Σtr
as the physical membrane energy density.

b. Junction test. A literal infinitesimal shell requires a discontinuity of first metric derivatives and a delta-function
surface stress. For stationary null horizons, the corresponding surface stress is controlled by jumps such as [κ] [52]. A
smooth FRW apparent horizon has no such jump. Equation (E2) therefore describes a smooth quasi-local rate, not an
Israel or Barrabès–Israel shell.

c. Normal-frame boost test. The Hayward rate is also not the time derivative of the naive rapidity of the apparent-
horizon worldtube. In spatially flat dust FRW, a(t) ∝ t2/3 and RA = 3ct/2. The horizon moves relative to the
comoving flow with constant speed ṘA − HRA = c/2, so that rapidity is constant, while κs

H = −c2/(4RA) ̸= 0. Any
corner interpretation must therefore use the Kodama-adapted normal-bundle connection and moving-cut terms, not
the elementary worldtube velocity.

d. Dimensional test. For n spatial dimensions, the Einstein–FRW equations give

ṘA

2HRA
= n

4 (1 + w), κs
HRA

c2 = n(1 + w) − 4
4 . (E9)

This is proportional to the stress trace ρ − np only for n = 3. The simple ρ − 3p, −Etr/4, and −2πGΣtr relations are
therefore specifically four-dimensional.

e. What a broader canonical theorem would mean. Two extensions are different: a null hypersurface with nonzero
expansion and shear, and a marginal-horizon worldtube that can be timelike, spacelike, or null. Equation (31) controls
one scalar part of the first problem, not the complete second problem. A full result for a specified cosmological
rate would derive the on-shell variation with the actual embedding, matter, clock, stretching, and corner data, then
identify the coefficient of the original intended LCK or Ls

H while retaining the other terms. The explicit mismatch
in Appendix C excludes that identification for its chosen ensemble, not for every possible ensemble. The missing
matching step is not completed by renaming its natural source as surface gravity.

f. Scope of the moving-boundary comparison. A Kodama-adapted Carrollian polarization remains a useful test of
the HMA stress ΠH = c2κs

H/(8πG) = −c2Σtr/4 [53, 61]. It must retain clock and stretching responses, not only the
pressure–area pair. Appendix C examines an explicit timelike area-mixed action. Its rescaled surface stress differs from
κs

H on a generic evolving screen, so that calculation does not complete a Hayward or Cai–Kim canonical extension.
Tracking, peeling, and Kodama–Hayward rates must be compared within specified prescriptions [54].
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Appendix F: An application with additional quantum input: inflationary tensors

Status: application of an imported quantum spectrum. The boundary state law is not a derivation of
primordial fluctuations. This appendix preserves the pressure/entropy representation of the standard spectrum, with
its quantum-state and cosmological assumptions kept explicit. It is not an input to the force–pressure construction.

The equilibrium screen pressure also gives a mechanical representation of a standard quantum observable. Consider
spatially flat, quasi-de Sitter inflation in four-dimensional Einstein gravity, with constant G, the usual Bunch–Davies
vacuum, and linear tensor perturbations without additional tensor sources. The tensor action and its quantization
are extra inputs; they do not follow from the boundary state law. We use the instantaneous Cai–Kim assignment
Lκ = RA = c/H and κCK = cH, not the full dynamical Hayward rate. Denote a comoving wave number by q to
distinguish it from the spatial-curvature parameter k. A star denotes evaluation at its Hubble-scale exit, cq = a∗H∗.

a. Amplitude, pressure, and entropy. The dimensionless primordial tensor power ∆2
t (q) is the variance per

logarithmic wave-number interval, summed over the two polarizations. It is not a pressure, radiated power in watts, or
the energy density of gravitational waves. The conventional leading slow-roll result is [70]

∆2
t (q) ≃ 16ℏGH2

∗
πc5 . (F1)

The same background has

Pscr = c2H2

8πG
, NS ≡ SA

kB
= AA

4ℓ2
P

= πc5

ℏGH2 , PPl ≡ c7

ℏG2 . (F2)

Here PPl is a defined Planck pressure, not an assumed upper bound. The pressure–entropy product and tensor
representation are

PscrNS = PPl

8 , ∆2
t (q) ≃ 128Pscr,∗

PPl
= 16

NS,∗
= 16ℓ2

P
πL2

κ,∗
. (F3)

The first equality is an exact identity of the stated background assignments; the spectrum retains the leading slow-roll
accuracy of Eq. (F1). Larger screen pressure corresponds to a smaller inflationary horizon, lower horizon entropy,
and greater tensor power. Fluctuation amplitude, rather than power, scales as N

−1/2
S . The entropy is that of the

inflationary horizon at the relevant exit time, not today’s cosmological horizon.
The inverse-entropy scaling is established in the literature, not a new claim of this construction. Brustein and

Medved explicitly write PT (H) ∼ 1/SdS in their Eq. (70) and compare with the standard inflationary result [71].
Their PT denotes tensor power, and their entropy is dimensionless in their unit convention; that notation is unrelated
to PL or Pscr. This citation records prior recognition of the scaling, without adopting their microscopic model or
its numerical normalization. Entropy-based inflationary analyses also predate it [72]. The present form relates the
standard spectrum to the mechanically defined force-per-area response rather than introducing a new tensor spectrum.

b. Tilt as pressure evolution. Let N = ln(a/aref) be increasing elapsed e-folds and ϵH = −Ḣ/H2. The background
definitions give exactly

d ln Pscr

dN
= −2ϵH ,

d ln NS

dN
= 2ϵH . (F4)

At first order in slow roll, the tensor tilt becomes

nt ≡ d ln ∆2
t

d ln q
≃ −2ϵH,∗ = d ln Pscr

dN

⃓⃓⃓⃓
∗

= − d ln NS

dN

⃓⃓⃓⃓
∗

. (F5)

The standard nt ≃ −2ϵH is used here [70]. Along exit times, d ln q = (1 − ϵH)dN ; identifying these logarithmic
increments is a first-order slow-roll step, not an exact all-orders statement about the spectrum. Tensor amplitude
probes the pressure scale, while tilt probes its fractional evolution. A slowly falling screen pressure produces a red
tensor tilt, or equivalently a growing horizon entropy.

c. Scalar normalization and inference. At a reference wave number q⋆, define As = ∆2
R(q⋆) and r = ∆2

t (q⋆)/As.
Then

Pscr,∗ ≃ rAs

128 PPl, NS,∗ ≃ 16
rAs

. (F6)
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These are alternative parameterizations of the same inferred inflationary scale; they are not independent measurements
of a local pressure. Under the additional assumptions of canonical single-field slow-roll inflation with the standard
scalar vacuum spectrum, r ≃ 16ϵH,∗ [70], and therefore

r ≃ −8 d ln Pscr

dN

⃓⃓⃓⃓
∗

= 8 d ln NS

dN

⃓⃓⃓⃓
∗

, r ≃ −8nt. (F7)

The scalar assumption is needed for this last relation, not for the pressure substitution in the tensor amplitude.
The pressure in these expressions is the homogeneous horizon response, not a proposed tensor-noise source. No

molecular interpretation of NS is required. A boundary derivation of the fluctuations would still have to reproduce
the tensor two-point function, normalization, and state dependence from specified dynamical and quantum inputs.
Changing the tensor action, initial state, entropy law, or horizon-rate prescription can alter the correspondence.
Equations (F3)–(F7) are consequently a consistency target and a mechanical interpretation of established inflationary
predictions, not a derivation of those predictions from the classical boundary potential alone.

Appendix G: Interpretive connections and open physical hypotheses

How to read this appendix. The exact algebraic relations below are distinguished from proposed physical readings.
In particular, the kinetic/potential split is an interesting interpretation of the equal Schwarzschild products, not a
separately derived decomposition into two dynamical energies. None of these hypotheses is required for the main force,
pressure, radius-work, or canonical-source results. Moving them here changes their role in the presentation, not their
evidential status.

1. Thermal–mechanical products and a proposed kinetic/potential reading

The Schwarzschild Smarr identity can be written

Mc2 = TS + FLLκ, TS = FLLκ = Mc2

2 . (G1)

This equality holds pointwise for every stationary Schwarzschild state. No time average is required. It is a gravitational
scaling balance, expressed as complementary thermal and mechanical Euler products, and motivates a stationary virial
interpretation. Static field-theory virial identities can follow from scaling an action without a time average; in general
relativity the boundary terms are essential [62]. A direct test here is to scale the complete Einstein action in the
same ensemble and identify its boundary balance with Eq. (100). That identification, and a separate kinetic/potential
interpretation, are not proved by equality of the products alone.

For comparison, consider an ordinary bounded or periodic Hamiltonian system whose potential is homogeneous of
degree n, V (λq) = λnV (q). The virial theorem gives

2⟨K⟩ = n⟨V ⟩, ⟨K⟩ = n

n + 2E, ⟨V ⟩ = 2
n + 2E, (G2)

when the displayed averages and denominator are well defined [32]. The theorem constrains the two averaged
components across a family of total energies; it does not require one to decrease whenever the other increases. For
n > 0, raising E raises both averages. A harmonic oscillator (n = 2) has equal halves. A complete ideal vertical
projectile flight in uniform gravity, from launch at z = 0 to the instant it returns to z = 0 before any dissipative
impact, has n = 1 and ⟨K⟩ = E/3, ⟨V ⟩ = 2E/3: because the virial function G = pz vanishes at both endpoints, the
finite-time boundary term is exactly zero. Repeating the flight with elastic bounces makes the example periodic. The
Kepler case n = −1 instead has negative binding energy, so adding positive energy makes the orbit less bound and
changes the signs and magnitudes differently.

In ordinary mechanics, kinetic and potential energy are called distinct not because they are different substances, but
because they are functions of different state-space data and generate different responses: kinetic energy depends on
momentum or velocity and controls inertial motion, whereas potential energy depends on configuration and its gradient
supplies force. They can be converted into one another while remaining operationally distinguishable energy forms.

The horizon split has an analogous, though not identical, structural basis. On the extended (A, Lκ) source space,

TS = A

(︃
∂U∂

∂A

)︃
Lκ

, FLLκ = −Lκ

(︃
∂U∂

∂Lκ

)︃
A

. (G3)
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The first expression uses the area/entropy derivative and the second uses the normal-scale derivative. Both products
are identically the same function U∂(A, Lκ) even on the extended source space. The distinct differential legs are Π∂ dA
and −FL dLκ. They do not establish independent kinetic and potential energies. Equation (28) also shows why these
descriptions do not add a second scalar canonical degree of freedom.

There is an additional exact thermodynamic fact. The formal on-shell Schwarzschild Helmholtz free energy is

Fon
H = Mc2 − TS = Mc2

2 = FLLκ. (G4)

The scale product equals the formal on-shell free-energy value in this stationary setting. This equality does not identify
a separately exchangeable mechanical energy reservoir. Asymptotically flat Schwarzschild has negative heat capacity
and is not a stable unconstrained canonical ensemble, but the on-shell Euclidean free-energy value remains well defined
[33].

The thermal–mechanical interpretation therefore has a precise basis: TS is the thermal Euler product and FLLκ

the scale-work product, which also equals the formal free energy in this sector. Their balance is worth testing as a
stationary virial relation. A literal kinetic/potential split would additionally require separately defined observables and
a derivation of their dynamical or action-scaling roles.

Along the Schwarzschild curve,

d(TS) = d(FLLκ) = dU∂ = FL dLκ = 1
2d(Mc2), T dS = d(Mc2). (G5)

Adding black-hole mass increases the common value of the two Euler products by half the added mass energy. The
boundary equation coexists exactly with the standard first law: the area leg contributes 2dU∂ and the scale leg
subtracts dU∂ , leaving the complete differential dU∂ .

2. Newtonian field-stress correspondence

Status: a sector-specific comparison, not a derivation. The same pressure has a familiar stationary field-stress
correspondence. For a Newtonian gravitational field g = −∇Φ, one conventional field-stress tensor is

t
(g)
ij = − 1

4πG

(︃
gigj − 1

2δij |g|2
)︃

. (G6)

For a surface normal parallel to g, the longitudinal compressive stress magnitude is

P ∥
g ≡ −t(g)

nn = |g|2

8πG
. (G7)

At RH , the Newtonian field magnitude is |gN | = GM/R2
H = κ∞, hence

P ∥
g (RH) = P Schw

L . (G8)

This is a match of stationary, asymptotically normalized magnitudes. It does not turn PL into a covariant local bulk
stress. Rindler already shows that the boundary response is more general than a source-field interpretation [29–31].

3. Conditional quantum-phase interpretation

Status: exact scale identities; conditional physical interpretation. The main text defines λ̄∂ = ℏc/U∂ and
establishes its entropy relation without a microscopic model. The additional reading below requires a quantum
generator realizing that boundary energy. No such independent microscopic derivation is supplied here.

The inverse-energy definition is exact; the phase interpretation is conditional. In any quantum realization in which
U∂ is an energy eigenvalue of the Hamiltonian that generates the selected boundary time, Schrödinger evolution gives

ω∂ ≡ U∂

ℏ
, λ̄∂ = c

ω∂
. (G9)

Then λ̄∂ is the light-travel distance associated with one radian of the corresponding quantum phase. The present
macroscopic analysis does not construct a boundary Hilbert space or prove that U∂ is a sharp Hamiltonian eigenvalue.
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Accordingly, λ̄∂ is rigorously a boundary inverse-energy length; the Compton-equivalent phase language records the
standard energy–frequency map and does not assert a propagating boundary particle or a directly observable global
oscillation.

Let
CE ≡ c∆τE = 2πLκ, λ∂ ≡ 2πλ̄∂ (G10)

denote the Euclidean thermal circumference in light-travel units and the corresponding full boundary Compton-
equivalent wavelength. Then

CE

λ̄∂

= NS ,
CE

λ∂
= NS

2π
,

ω∂

ωE
1

= NS

2π
. (G11)

Because λ̄∂ is a reduced, one-radian inverse-energy length, the first ratio counts such reduced intervals and the second
counts full 2π intervals. If a quantum boundary Hamiltonian realizes U∂ , these are respectively phase radians and full
phase cycles. Without that additional microscopic realization, the exact statement is the ratio of the Euclidean thermal
period to the inverse-energy time ℏ/U∂ . Analytically continued around one thermal period, the same statement is

U∂∆τE

ℏ
= βU∂ = S

kB
= NS . (G12)

This is the dimensionless Euclidean Boltzmann exponent associated with the boundary potential over one thermal
period. Equivalently, S/kB is the boundary energy measured in thermal units kBT . If U∂ is realized as a quantum
time-translation generator, Wick rotation turns its Lorentzian phase factor into this Euclidean decay exponent, so
the same quantity may also be read as the boundary-energy phase advance continued around the thermal circle. It
is not a claim that βU∂ equals the complete on-shell gravitational action or that the horizon is literally tiled by
independent Compton cells. The model-independent content is that entropy measures the separation between the
boundary inverse-energy scale and the Euclidean thermal scale.

Appendix H: Conditional Planck-scale benchmarks

Status: formal extrapolations and additional scale-matching conditions. The following configurations are
retained as interesting connections, not as part of the derivation of FL or PL. Their numerical values follow after
imposing the displayed equalities on the Einstein boundary and thermal formulas. No separate quantum-gravity
derivation selects these equalities or shows that the classical and semiclassical formulas remain exact at the Planck
scale. The G/2 comparison below is a normalization counterfactual, not a proposed modification of gravity.

The exact ratio in Eq. (86) permits one to choose the scale-crossing condition λ̄∂ = Lκ. With that additional
condition, the formal crossing has the following properties. Any frequency language uses the conditional interpretation
in Appendix G 3.

At
A = 8πℓ2

P, S = 2πkB , (H1)
the two reduced lengths and the two frequencies coincide:

λ̄∂ = Lκ, ω∂ = ωE
1 , U∂ = ℏωE

1 = 2πkBT. (H2)

Equivalently, one full boundary Compton-equivalent wavelength 2πλ̄∂ fits around the Euclidean thermal circumference
2πLκ. This is a formal quantum–horizon scale-crossing benchmark: the inverse-energy scale of the complete boundary
potential is no longer parametrically separated from its geometric and thermal scale. It is not evidence by itself for a
phase transition, nor does it locate a physical transition. It identifies the absence of a large separation between the
two lengths within the continued formulas.

For Schwarzschild, M∂ = M/2, so λ̄∂ = 2ℏ/(Mc), while Lκ = 2RH . Consequently λ̄∂ = Lκ is exactly equivalent to
the conventional reduced-Compton condition ℏ/(Mc) = RH . With the standard definitions this occurs at

M = mP√
2

, RH =
√

2 ℓP, Lκ = λ̄∂ = 2
√

2 ℓP. (H3)

The familiar statement that the Compton and Schwarzschild scales meet “at the Planck scale” therefore carries
order-one convention factors: using the gravitational radius GM/c2 instead of RH = 2GM/c2, or the ordinary rather
than reduced Compton wavelength, moves the numerical crossing. The present boundary variables reproduce the
conventional reduced-Compton–Schwarzschild-radius crossing because both lengths are doubled.
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a. Planck units and the status of ultraviolet benchmarks. The Planck quantities used here are natural combinations
of the constants that normalize relativity, quantum mechanics, and classical gravity:

ℓP =
√︃

ℏG

c3 , tP = ℓP

c
, mP =

√︃
ℏc

G
, EP = mPc2, (H4)

aP ≡ c

tP
= c2

ℓP
, FP ≡ EP

ℓP
= c4

G
. (H5)

They are not arbitrary symbols: for example, the dimensionless quantum-gravitational coupling constructed from an
energy scale E is

αG(E) ≡ GE2

ℏc5 =
(︃

E

EP

)︃2
, (H6)

so the Planck energy is where this simple coupling estimate becomes order unity. The definitions do not establish that
ℓP is an exact minimum length, that aP is a maximum acceleration, or that the unmodified Einstein and Hawking
coefficients remain exact at those scales. General relativity is a controlled quantum effective field theory well below the
Planck scale, while its ultraviolet completion is unknown [5]. The relations below are consequently benchmarks obtained
by propagating the present Einstein boundary and Hawking–Unruh normalizations, not predictions of completed
quantum gravity.

The Rindler relation Lκ = c2/a is exact within classical Minkowski geometry. Inserting a = aP gives Lκ = ℓP by
definition. This does not demonstrate a realizable Planck-accelerated detector or a universal acceleration bound; it
identifies the point at which the classical Rindler proper distance reaches the Planck length.

b. A hierarchy of distinct Planck benchmarks. The least restrictive and most clock-invariant criterion internal to
the present framework is the loss of scale separation,

λ̄∂ = Lκ. (H7)

It fixes the transverse data

A = 8πℓ2
P, R =

√
2 ℓP for a spherical cut, (H8)

but it does not fix the common value of λ̄∂ and Lκ. The reason is that a constant rescaling of the selected normal clock
rescales U∂ and inversely rescales λ̄∂ and Lκ, while leaving A unchanged. A physical sector supplies the remaining
relation: Cai–Kim gives Lκ = R =

√
2 ℓP, whereas Schwarzschild gives Lκ = 2RH = 2

√
2 ℓP at the same crossover area.

The area is common; the normal geometry is sector dependent.
A stronger, maximally symmetric source-space benchmark adds the Planck normal scale,

Lκ = λ̄∂ = ℓP. (H9)

Equations (H1) and (H9) then give

A = 8πℓ2
P, R =

√
2 ℓP, U∂ = EP, M∂ = mP, FL = FP, kBT = EP

2π
. (H10)

This is the simplest all-Planck alignment in the extended (A, Lκ) boundary-source space. It is not the conventional
Schwarzschild crossover and it is not the Cai–Kim relation Lκ = R: for a spherical cut it has R/Lκ =

√
2.

A different, equally simple but sector-specific benchmark is to impose a Planck areal radius in the Cai–Kim relation,

R = Lκ = ℓP. (H11)

Keeping the standard Einstein normalization then yields

A = 4πℓ2
P, U∂ = EP

2 , M∂ = mP

2 , FL = FP

2 , λ̄∂ = 2ℓP, S = πkB . (H12)

There is no inconsistency: the condition R = ℓP fixes only half of the crossover area. Requiring in addition U∂ = EP
and FL = FP at R = Lκ = ℓP would double the Einstein boundary coefficient, equivalently replacing G by an effective
G/2 in this one-scale benchmark. No established Planck-regime principle presently selects that modification.
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These choices answer different conditional questions: λ̄∂ = Lκ compares the two scales defined by the framework;
Lκ = λ̄∂ = ℓP adds a symmetric all-Planck benchmark; and R = Lκ = ℓP specifies a separate Cai–Kim-like
Planck-radius continuation. None is claimed to be the unique state chosen by quantum gravity.
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